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Introduction

The exercises are divided into problem areas that roughly match the lecture
schedule.

Exercises marked with (H) have hints available, listed in the end of each chapter.
Not as fundamental or more difficult exercises are marked with ().



Chapter 1

Convex Sets and Convex
Functions

Exercise 1.1

Given the following sets.

1. Which of the sets are convex. Motivate.
2. Mark all points the sets have supporting hyperplanes at.

3. Draw the convex hull of each set.

Exercise 1.2 (H)

Which of the following sets are convex. Prove or disprove. You can assume that
the data defining the sets generate nonempty sets.

1. S={x €R": Az = b} with A € R™*" and b € R™
2. §={zeR": Az < b} with A € R"™*" and b € R™
3. S={zeR":2>0}

4. S={zeR": 1<z <u}



§=faeR": ol < 1}
S={eeR": —[afs < —1}
S=f{eeR": o]y <1}
§={(x.t) eR" xR: a2 < 1}

S

S ={X € R"": X positive semi-definite}
10. S={zeR":x=a}
11. S={z e R":z =aor z = bwith a # b}

Exercise 1.3
Suppose that C; and C, are convex sets.

1. Istheset C = {x € R": 2 € C; and = € C5} the union or intersection of C;
and C5? Is it convex? Prove or provide counter example.

2. Istheset C = {x € R": 2 € C; or x € C5} the union or intersection of C
and C5? Is it convex? Prove or provide counter example.

Exgrcisk 1.4
Which of the following sets are affine?

1. V={zeR":z=a}
2. V={zeR":z=aa+ (1 -a)b,a #b,acl01]}
3. V={zeR":z2=aa+ (1 —a)b,a #b,a R}

Exercise 1.5

A set K is a cone if for all z € K also az € K for all o > 0. Which of the
following figures represent cones? Which of them are convex?




ExErcise 1.6

Which of the following sets are convex cones? Prove or disprove. You can
assume that the data defining the sets generate nonempty sets.

1. S={x € R": Az =0} with A € R™*"

S={reR": Ax = bwith b # 0} with A € R™*" and b € R™
S={zxreR": Az <0} with A € R™*"

S={zreR": Axr <bwith A# 0and b # 0} with A € R™*" and b € R™
S={zeR":z>0}

S={(z,t) €R" xR : ||z||> < £}

N e vk D

S ={X € R : X positive semidefinite}

Exgrciske 1.7
Prove or disprove that the following functions f : R — R U {o0} are convex.

1. Indicator function of convex set C:

£(@) = e(w) = {0 e
oo else
f(z) ==
flz) =~z
f(z,y) =xy

S A R

Exercise 1.8

Show that the following functions f : R” — R U {co} are convex. You may use
convexity preserving operations.

A
~5

4



Exercise 1.9 (H)
Let C = {z: g(z) <0}.

1. Suppose that g : R” — R is a convex function for which z € R" exists with
g(Z) < 0. Show that C is a nonempty convex set.

2. Construct a nonconvex function g : R — R such that C' is convex.

3. Construct a nonconvex function g : R — R such that C is nonconvex.

Exercise 1.10
Draw the epigraph of the following functions.

. f(x) =zl

. f(x) =2

. fl) = |l + 22

* f(x) = max(|z],+?)
* f(x)=min(|z],?)

Exercise 1.11 (H)

Assume that g; : R" - RU {o0} and g2 : R” — R U {oc0} are convex functions.
Prove the following explicitly, without resorting to convexity preserving
operations.

1. Show that g(z) = g1(z) + g2(x) is convex

2. Show that g(z) = max(g;(z), g2(z)) is convex

Exgercise 1.12
Let f : R® - RU{occ} be convex, i.e., let f satisfy

f0z+ (1—0)y) <Of(x)+ (1—0)f(y)

for all # = [0, 1] and let X be (effective) domain of f,i.e. X = domf = {z € R":
f(z) < co}. Show that X is convex.

Exgrcise 1.13

Let f : R” — R be an affine function defined by f(z) = a”2 + b. Show that epif
is a halfspace in R"+!,

Exgrcise 1.14
Let L(u,y) be convex in u for every fixed y.



1. Let m(z;0) = 0x, where z € R™ is fixed and 6 € R"*™. Is the function
L(m(z;0),y) convex in 6 for all fixed = and y? Prove or provide
counterexample.

2. Let 0 = (01,02) € RM>*™ x R"2*™2 and m(x;0) = O30(01x), where
o : R™ — R™2 ig differentiable and z € R™ is fixed. Is L(m(z;0),y)
convex in 6 for all fixed z and y and differentiable ¢? Prove or provide
counterexample.

Exercise 1.15

Strong convexity and smoothness.

1. Show that f(z) — $[/z|3 is convex (i.e., f is o-strongly convex) if and only if

f0z + (1= 0)y) < Of(z) + (1 0)f(y) — 501 —0)z —y]?
for 0 € [0, 1].

2. Show that ||z||3 — f() is convex (i.e., f is 5-smooth) if and only if

FOz+ (1 —0)y) > 0f(z) + (1—0)f(y) — 560(1 — 0)||]z — y|*

for 0 € [0, 1].

Exercise 1.16 (H)

Given some unknown function f where we know f(1) =1, f(—1) = 0. For
x € [—1,1], draw the known bounds on f given the following assumptions::

* fis convex.
* fis convex and 2-smooth.
* fis 2-smooth and %-strongly convex.

For each case, draw an example of a function that satisfies the assumptions.

Exercise 1.17

Given some unknown differentiable function f : R — R where we know
f(1) =1, f/(1) = 1. Draw the known bounds on f given the following
assumptions:

* fis strictly convex.
* fis strictly convex and 2-smooth.

¢ fis 2-smooth and 1-strongly convex.



For each case, draw an example of a function that satisfies the assumptions.

Exercise 1.18
Suppose that f : R" — R U {oo} is a strictly convex function.

1. Suppose that a point z* exists such that f(z*) < f(x) for all z € R". Show
that z* is the unique minimizer of f.

2. Provide a strictly convex f whose minimum is not attained by any point

z*.

For strongly convex functions (which are also strictly convex) the minimum al-
ways exists.

Exercise 1.19

Show for each of the following convex functions if it is smooth, strongly convex,
strictly convex, or none of the above. Draw/plot the functions and decide from
the drawings.

. f@):{—log(m) if >0

00 ifz <0

1 .
9 f(:r)—{”” ifz >0

oo ifz<0
3. f(x)==
4. f(z) = ia?
5. f(x) = ||

Exercise 1.20 (H) (%)
A differentiable function f : R™ — R is convex if and only if

f) = flz) +(Vf(z),y — ) (1.1)
holds for all x,y € R™.

1. Provide a nonconvex differentiable function f and a point y for which (1.1)
does not hold.



2. Prove the result.

Exercise 1.21 (%)
The indicator function of a set C is defined as

0 ifzxeC
tol@) = oo else

Show the following.

1. Let K € R™*" be a matrix, b € R™ be a vector, x € R™ and define the
convex set C := {z : Kz — b= 0}. Show that

1o(x) = sup T (K — b)
I

where € R™.

2. Let g : R™ — R™ be a convex function and define the convex set
C :={z:g(x) <0}. Show that

vo(z) = sup p' g(x)
n>0

where p € R™.

Exercise 1.22 (%)

Suppose that f is convex and assume that x* is locally optimal. That is, for all
x such that ||z — z*|| < 4, it satisfies f(z*) < f(z). Show that x* is a global
minimum.

Exercise 1.23 (%)

Jensen’s inequality:

FO0iwi) <6 f ()
=1 =1

holds for convex functions f for all n > 2, where §; > 0, and ;" , 6, = 1. For
n = 2, it reduces to the convexity definition. Prove the result for n = 3.



Hints

HinT TO EXERCISE 1.2

A matrix Q € R™ " is positive semidefinite if and only if ) is symmetric (Q = Q7)
and z7Qxz > 0 for all z € R”. This second condition is equivalent to that all
eigenvalues are nonnegative.

HinT TO EXERCISE 1.9
A function ¢ : R" — R is convex if

g0z + (1 —0)y) <0g(z)+ (1 —0)g(y)

for all z,y € R” and 0 € [0, 1].

Hint TO EXERCISE 1.11

Prove that epig = epig; Nepigs in the second subproblem and conclude convexity
from that.

HinT TO EXERCISE 1.16

See Exercise 1.15 for the smoothness and strong-convexity bounds.

HinTt TO EXERCISE 1.20
The directional derivative at z in direction d satisfies

i £ 0d) = £(2)

6—0 0

=Vf(z)ld.



Chapter 2

Subdifferentials and Proximal
Operators

ExErcisk 2.1
Compute the subdifferentials for the following convex functions.

L f(z) = 3=l

2. f(z) = 12THz + h"z with H positive semidefinite
3. f(x) = o

4. f(x) = ¢-19(2)

5. f(z) = max(0,1 + z) (hinge loss)

6. f(x) =max(0,1— z)

ExERciskE 2.2
Consider the following even nonconvex function f.

27 f(z)

v\

1. Compute (approximate) gradient and subdifferential at z1, z2, and x3.

2. As which points z1, z2, and z3 do Fermat’s rule hold?

ExErcisk 2.3
Figure (a) depicts 0f(z) and Figure (b) depicts dg(y).

10



(a) (b)
1. Is x a minimum to f?
Is y a minimum to ¢?
Is f differentiable at x

Is g differentiable at y

o s~ N

Draw/explain examples of functions f and g that comply with the figure.

ExErcisk 2.4
Consider the following set-valued operators A : R — 2F,

e Which are monotone?

e Which can be subdifferentials of convex functions?

A A
x x
a b.
A A
c d.

ExErcisE 2.5

Let 0 : R — R be differentiable and monotone. Prove or provide a
counter-example to that the following functions are convex.

1. f(z) = ([ o(y)dy)(z) (means primitive function of o).

11



2. f(z) = lo(@)]3.

ExERCISE 2.6
The subdifferentials 0f of two functions f : R — R are drawn below.

of of
/

1. Are the correspoding functions f convex?
2. Can you find the z* that minimizes f. If so, where is it?
3. Can you compute the optimal value f(z*)?

4. Draw examples of corresponding f.

ExErcise 2.7
Suppose that f : R — R satisfies f(—1) =1, 9f(—1) = {-1}, f(1) =1 and
af(1) = {1}.

1. Draw a function that lower bounds f.

2. Compute a lower bound to the optimal value of f.

3. Draw a function f that complies with the requirements.

ExERciske 2.8
Assume that f : R" — R U {oo} is o-strongly convex. Show that

fly) = f@) +s"(y —2) + §llz — yll3
for all z € domdf and y € R" and s € 0f(z).

ExErcise 2.9

1. Suppose that f : R" — R is S-smooth, i.e., V f is S-Lipschitz continuous.
Show that g(z) = f(Ax + b) with A € R**™ and b € R" is || A||?>-smooth.
Here, ||A|| = ||A”]|| is the operator norm of A (and A”) that satisfies
|Az|l2 < ||A||||x]|2 for all .

12



2. Suppose that [ : R" — R" is o-strongly convex. Show that
g(xz) = f(Azx + b) is not necessarily strongly convex. (However, if A is
positive definite, symmetric with all eigenvalues positive, g is strongly
convex.)

Exercise 2.10

The subdifferentials of four convex functions f are drawn below. State for each
if f is differentiable, V f is Lipschitz continuous, f strongly convex. Also,
estimate Lipschitz and strong convexity constants (given the axes are equal).

(a) (b)

(© (d)

/
/

Exercise 2.11 (x)

Suppose that g(z) = > | gi(x;), where = (21, ..., x,). Show that s € dg(z) if
and only if s; € dg;(x;), where s = (s1,...,8p).

Exercise 2.12 (x)

Assume that f : R" — R U {0} is convex and that there exists y with f(y) < occ.
Show that 0f(x) is empty for = ¢ domf, i.e., for = such that f(z) = cc.

ExErcise 2.13 (x)

Show that the subdifferential of the indicator function of a nonempty set C is
the normal cone to C.

Exgercise 2.14
Compute the proximal mapping for the following convex functions.

13



L f(a) = zl«l3

2. f(z) = 32" Hz + h"2 with H positive semidefinite
3. f(z) = |z]

4. f(z) = t-1,y(@)

5. f(z) = max(0,1 + )

6. f(z) = max(0,1 — )

Exgrcisk 2.15
Suppose that g(z) = "7 | gi(x;), where z = (x1,...,z,). Show that

prox, (z1)
prox. (z) = :
prox., (zn)

ExErcise 2.16 (%)

Provide a monotone operator A : R” — 28" that is monotone but not the subdif-
ferential of a function.

Hints

14



Chapter 3

Conjugate Functions and
Duality

Exercise 3.1

Compute the conjugates for the following convex functions.

ExErcise 3.2

Assume that g(z) = >""" | gi(x;), i.e, g is separable. Show that
g*(s) = >, gi(s;), where g is the conjugate of g;.

Exgrcise 3.3 (H)
Compute the conjugates of the following functions f : R” — R U {co}.

L f(z) = [z
2. f(z) = ¢_1,1)(v), where 1 = (1,...,1).

Exercise 3.4 (H) (%)
Let f(z) = ||z

1. Compute the conjugate f* via the following steps.

15



(a) Show that f*(s) > 0 for all s.

(b) Show that f*(s) < 0 for all s with ||s||s < 1.
(c) Show that f*(s) = oo for all s with |s|[o > 1.
(d) Combine there results to state f*(s).

2. Use the conjugate to compute the subdifferential of f.

ExErciske 3.5

Let f be the nonconvex function in the following figure. It satisfies f(—1) =0,
f0)=1, f(1)=-1, f(2) =0, f(z) = oo for all x € R\{-1,0,1,2}.

f(z)
(0,1)

(-1,0) (2,0)

(1,-1
X

1. Draw the conjugate f* of f.
2. Draw the bi-conjugate f** of f.

Exgrcisk 3.6 (x)
Let A be the probability simplex

A={z:z;>0and Zmizl}

and let D be the similar set

D:{x:xiZOandeigl}.

]

1. Let f = ta, where ¢ is the indicator function, show that f*(s) = max;(s;),
i.e., the element-wise max.

2. Provide the conjugate of the max;(s;).

3. Let f = 1p, where ¢ is the indicator function, show that
f*(s) = max(0, max;(s;)), where max;(s;) is the element-wise max.

4. Provide the conjugate of max(0, max;(s;)).

16



0 ifallz; >0and ), z; =1
ﬂ@z{ 2
oo else.

Show that f*(s) = max(s;), i.e., the elementwise max.

ExEercisk 3.7
Show the following.

1. That
inf f(z) = —f*(0)

2. That the set of minimizers, Argmin_ f(z), for a convex function f satisfies

Argmin f(z) = 9f*(0).

ExErcisk 3.8
Consider the following set-valued operators A : R — 2F,

1. Draw the inverses, A~ : R — 2K,
2. Which operators A are functions f : R — R?

3. Which operator inverses A~! are functions f : R — R?

/
NS

Nl \ \\

Exercise 3.9

Consider the following four subdifferentials 9f of convex functions. Decide 0 f*,
i.e., the subdifferential of the conjugate.

17



of(z) =ox df(x) =0

of (x) of (x)

Exercise 3.10

Assume that f is convex. Show that prox. ,(z) = (I +~v9f) '(z), where the
inverse means the operator inverse.

Exercise 3.11 (H)

Compute the proximal mapping for the following convex functions. Use
graphical arguments and that prox. ;(z) = (I +~9f)~'(z).

Exercisk 3.12 (H)
1. Show that prox;(z) + prox.(z) = 2.
2. Show that (yf)*(s) = vf* (v ts).
3. Show that prox, ;) (z) = yprox, -1 (v~ '2).

4. Show that prox. ;(z) +yprox. i, (v~ 'z) = z.

18



Exgrcisk 3.13
Compute the proxy., i.e., the prox of the conjugate, for the following f.

1. f(z) = 32" Hx + h"x with H positive definite
2. f(zr) =max(0,1+ z)

3. f(zr) =max(0,1 —z)

Exercise 3.14

Consider a primal problem the form
minimize f(z) + g(x)

where f: R" - RU{o0} and g : R" - RU {0} are (closed) convex functions
and relint dom f U relint dom g # ()

1. Show that this problem is equivalent to finding x,y € R" such that

z€df*(y)
r € 99" (—y)

2. Show that this inclusion problem is equivalent to the following dual
optimality condition

0€df*(y) — 9g"(~y) (3.1)
that solves the dual problem
minimize f*(y) + " (—y)

3. Given a solution y* to the dual condition (3.1) and a subgradient selector
function, s¢-(y) : R® — R” such that s¢(y) € 9f*(y). Can you recover a
primal solution z*? What if f* is differentiable?

Exercisk 3.15 (H)
Consider primal problems of the form

minimize f(Lz) + g(z)

where f: R™ - RU{o0}, g: R" - RU {00}, and L € R™*". Derive the dual
problem

minimize f*(y) + g*(—L"y).

19



ExErcisk 3.16
Consider primal problems of the form

minimize f(Lx) + g(z)

where f: R™ - RU{o0}, g : R" - RU {00}, and L € R™*". State the dual
problem and show how to recover a primal solution from a dual solution.

1. f(y) = %HyH% where A > 0 and g(x) = > iL; @ + ¢[_1,g) (7). Assume m =n
and L is invertible.

2. f(y) = y—1,1(y) and g(z) = 3|z[|2 — b"> where A > 0.

ExErciske 3.17 (%)
Prove f(xo) = st o — f*(s0) & so € Of(x0) via the following steps.

1. Show that f(s) + f(z) > s’z for all z, s.

2. Suppose that sy € 9f(x0). Show that f*(so) < stz — f(z0), i.e.,
f*(s0) = sgwo — f (o).

3. Suppose that f(xg) = s o — f*(s0). Show that sy € df (o).

ExErcise 3.18 (x)
Show that

1. s € Of(z) implies z € Of*(s).
2. z € 0f*(s) implies s € 0f**(x).
3. Suppose [ (closed) convex, then
s€df(x) & xedf(s)
i.e., subdifferential of conjugate is inverse of subdifferential

of =) and  af = ()"

Exercise 3.19 (%)

Let g(z) = f(Lz + ¢) where f : R™ — R U {oo} is closed convex, L € R™*™ and
c € R™ and that relint domg # (). Show that

g'(s) = min(f*(n) —¢"p: s = LTp).

20



Hints

HinT TO EXERCISE 3.3
Use the results from Exercise 3.1 and 3.2.

HinT TO EXERCISE 3.4
Cauchy-Schwarz inequality s’z < ||z||2||s]|2 holds for all , s.

Hint TO EXERCISE 3.11

The subgradients for all functions have already been computed in previous ex-
ercises.

HiNT TO EXERCISE 3.12

For the first subproblem, let z = prox;(z), introduce u = 2z — = and show that
u = proxy.(z). To prove this, use Fermat’s rule on the definition of the prox.

HinT TO EXERCISE 3.15
A very similar approach to Exercise 3.14 can be used.
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Chapter 4

Learning

ExErcise 4.1

Consider fi(x) = 4| Az — blf3, fo(2) = |z, f3(z) = |22, and fs = 4|||}3. For
each f; answer the following.

1. Is f; convex?
2. Is f; L-smooth? What is the smallest L?

3. Is f; p-strongly convex? What is the largest ;?

ExERcIsE 4.2

In the same plot, sketch and compare the function | - | and | - |2. Use the results
to pair the linear models plotted below with the following regression problems
that generated them.

Problem 1: min Zn |20 — ;| = mein X760 -yl
Problem 2: i ;|2 = min || X706 — |2
roblem mmz |2:60 — yi|? = min | X0 —yll5

The x markers are the data points (z;,y;) and the solid lines are the resulting
functions f(x) = 6z

X X

ExErcise 4.3

Consider a one dimensional regression problem with data z; € R and y; € R.
We know that the dependency of 4 on z is periodic with length 1, i.e.

22



y = f(z) = f(z + 1) where f is the true relationship between = and y and what
we wish to identify. y; could for instance be an account balance and z; could be
time. It is reasonable to assume that the a spending/income patterns are
similar from month to month. Spending depends of course on other things
than just time but for simplicity we only consider the one dimensional case.

To identify the relationship between x; and y; we choose a parameterized
model according to y ~ m(x) = ¢(x)Tw. w is the parameters and ¢ is a feature
map to be determined. Periodic functions with period 1 can be written as a
Fourier series

o0
9 4 Z ap, cos(2mnz) + by, sin(2mnz).

n=1

Use a truncated series, i.e. only use the first N terms of the sum, to design the
feature map ¢.

ExERcisk 4.4
Consider the Lasso problem

min %HAZL‘ — b3 + M|z,

with A > |[|ATb||o.. Show z = 0 is a solution.

ExErcise 4.5

Given some data points z; € R” of some class y; € {—1,1} we model the
probability of some data point x belonging to class y = 1 or y = —1 with the
following logistic model.

1
P(yzl):m(x):m

1
Ply=-1)=pa(0) =1-p@) = —omy

where w € R"” and b € R are the model parameters. With this model, the
likelihood for measuring the data (z;,y;) for i € {1,..., N} is

N

ol y) = [T pus(0)

The model parameters w and b should be chosen such that this likelihood is
maximized.

Show that the maximum likelihood estimate of (w, b) is given by the following
logistic regression problem

N T
: —yi(xz] w+b)
Iglgl E i:l log(1+e )

Is this problem convex? L-smooth? pu-strongly convex?
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ExErciskE 4.6

Consider the logistic regression problem in Exercise 4.5. Show that the
problem is equivalent to

N
min » (log(l + exiTw+b) —yilzlw + b))

w,b 1=1

if the classes are labeled with {0, 1} instead of {—1,1}.

ExErcisk 4.7
Consider the logistic regression problem without regularization

N
min}" (1og(1 + et Wy (o Tw + b)) :

where z; € R" are data and y; € {0,1} are labels. Assume that there exists
(w,b) such that 27w + b < 0 for all i with y; = 0 and 2w + b > 0 for all i with
y; = 1. Show that the infimal value of the cost is 0, and that no (w, b) exists
that attains the value.

ExErcisk 4.8
Consider the typical supervised learning problem

mu%n Z¢:1 L(my(x:), yi)

where z; € R? is the data, y; € R' the response variable, m,, : R? — R! the
parameterized model we wish to train, and L : R x R — R the loss comparing
the model output m,,(z;) with the known correct output y;.

Assume L(y,y) is convex in 3 prove or disprove the following statements.

1. 7% L(mw(xi),y:) is convex if a feature mapped model is used,
my(z) = wT ¢(x) where ¢ : R? — R/,

2. 3" L(my (i), y;) is convex if a DNN model is used,
my(x) = o1 (wf o2 (wl...op(whz)...)) where o; are some activation
functions.

ExErcise 4.9

Show that a kernel matrix K is positive definite, i.e. a matrix whose elements
are given by

Kij = k(w;, ;)

where z;,Vi € {1,...,n} are elements in some input space X and k is a proper
kernel. k is proper if it is given by an inner product in some inner product
space F, k(z,y) = (¢(x), #(y)) r where ¢ : X — F. You may assume all things
are defined over real numbers and not complex numbers.
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(Note, the converse is also true. If K = 0, then there exist some F and ¢ such
that k(x,y) = (¢(x), ¢(y)) r. For more information, see Mercer’s theorem.)

Exgrcisk 4.10
Consider the SVM (type) problem with bias term
minimize 17 max(0, 1 — (XTw + 1)) + 3 |w|[3

w,b N——
f(L(w,b)) g(w,b)

where L = [ X7 1].
1. Derive the dual problem min, (f*(u) + g*(—L™ p)).

2. Show how to recover a primal solution from a dual solution.

Exercise 4.11

Consider a classification problem with some data z; € R? of some
corresponding class y; for i € {1,...,n}. There are two possible classes

Yi € {1, 2}.

We define a score function for each class m;(z) = w{z and my(z) = wlz. The
idea is for the function to produce a high value if the tested data point is in the
class, my(x;) >> 0if y; = \, otherwise a low score, m)(z;) << 0if y; # .

We further define the confidence in the score for x being of class 1 as the
difference of the score for two classes, c;(x) = mi(x) — ma(x). Similarly we
define the class 2 confidence as ca(x) = ma(z) — my(z).

The parameters, w; and wo, of the models can be found by minimizing the
doubt (low confidence) on the known data, i.e.

min Z oy, (x4))

wi,w2

where ¢ : R — R is a loss function that penalize doubt (low confidence), and
¢y, (x;) is the confidence of our model for z; being the know correct class y;,
something that obviously want to be high. After solving this problem a
prediction for a new unseen data point x is simply the class with the highest
confidence, argmax,c o) cA()

* Draw/plot the following functions
- h(x) = max(0,1 — x) (Hinge-loss)
- I(z) = log(1 + e~ ") (Logistic loss)

* Show that using ¢(z) = I(z) is equivalent to logistic regression, see
Exercise 4.5.

¢ Show that using ¢(z) = h(z) is equivalent to an unregularized SVM,

min,, > I, max(0, 1 — y;zl w).

25



* Other loss functions can of course be used. However, to also try to reward
(negative loss) correct confidence/predictions can be problematic, for
instance ¢(x) = 1 — = can not be used, why?

ExErcise 4.12

Consider the classification problem setup from Exercise 4.11 we now have K
classes, y; € {1, ..., K}. This problem can be handled in many different ways.
Arguably the simplest way is training several binary classifiers in a
one-against-all or one-against-one fashion. Here we will instead look at two
ways of changing the confidence measurement to consider multiple classes.

We define the average confidence as

K K
A T T
@)= 53 (i)~ me(@) = £ 3 (wlz )
K
T 1 Z T
= U))\ZL' K b1 wk T
and the worst case confidence as
)

ex () = min(ma(x) - my(2)) = min(wie - wiz

=wlr— max wl .
kA

With these definitions we can define a prediction in the same way as before, i.e.
we take the highest confidence prediction argmax,c; ) ea(z).

Using hinge-loss and adding a square 2-norm regularization, show that the
minimization of the doubt is equivalent to the following problems.

1. Average confidence:

: n T +T 2
min Zi:l max(0,1 — A; X; w) + 3|wl|3,

——
FAT XTw) g(w)
where z;, w; € RP, w = (w1, ..., wx) € RPK, and
X
X, = e RPEXE 4, =¢, — L1 e RE.

T

1 is the vector of all ones in RX while ¢; is the unit vector in R¥ of all
zeros except the i:th element.

Further we have f : R” — R satisfying f(z) = > ; max(0,1 — z;),
X =[X1,..., Xp,] € RPEXE" ‘and A = blkdiag(A;, ..., A,) € RE™",

2. Worst case confidence:
. n T T 2
min E  JiM; X w) + 3wz,

FMT XTw) g(w)
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where w;, w, z;, X;, and X are the same for the average confidence. The
functions, f; : RX — R satisfy f;(u;) = max(d,, — u;) and

di=1—¢ c¢RE M;=¢, 1T — T c REXE

where I is the identity matrix in RX*¥X while 1 and e; are the same for
the average confidence.

Further, M = blkdiag(M, ..., M,,) € RE"*K" and the function
f: R — R satisfies f(u) = >, fi(w;) where u = (uy,...,u,) € RE" and
u; € RK.

ExErcise 4.13

Consider the average confidence multiclass SVM problem from Exercise 4.12.

1. Find the dual problem

muinf*(u) + 9" (—XAp).

2. Show how to recover a primal solution from a dual.

Exercise 4.14

Consider the worst case confidence multiclass SVM problem from Exercise
4.12.

1. Find the dual problem

muinf*(u) + g (=X Mp).

2. Show how to recover a primal solution from a dual.

Hints
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Chapter 5

Algorithms

ExErcise 5.1

Suppose that f is convex and differentiable. Consider the gradient descent
algorithm

2Ft =2k AV f(2")

where A > 0. Let 2* be a fixed point of this algorithm. Show that * minimizes

f.

ExErcise 5.2

Suppose that f is convex and z is such that = = prox, ((z) for v > 0. Show that
x minimizes f.

Exercise 5.3

Suppose that f and g are (closed) convex, f is differentiable, and z is such that
x = prox. (z — YV f(x)) for v > 0. Show that » minimizes f + g.

ExErcisk 5.4
Consider the problem

inf f(z)

and some iterative algorithm that generates a sequence z°, z!, 22, ... where the

function values decrease, i.e.
F@M) < ).

1. Give an example of of a function f where this does not imply the
convergence of the function values f(2*).

2. Assume the function is lower bounded f(x) > B. Prove that the sequence
of function values converge to some value f(z*) — b.
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3. Give an example of a function f that is bounded below and sequence z*

where b # inf f(z).

ExErcise 5.5

Let f be an L-smooth function and consider the gradient descent algorithm, i.e.
select zo € R" and for all k € N

xk-ﬁ-l — xk _ ,va(xk:)
where % > v > 0. Assume that f is lower bounded by B, f(x) > B for all z.

1. Show that the sequence (f(z*))ren satisfies
F@ ) < f®) =y = ENVF D).

2. Show that Vf(z*) — 0 as k — oco.
3. Assume that f is strongly convex, show that 2% — 2* where

f(2*) = min f(x).

Assuming that at least one minimum exists, it is possible to show that z* — z*
even in the smooth convex as well. However, it is not enough that
[ < f(2%) and V f(2F) — 0.

4. Give an example of a lower bounded convex function f and sequence z*

such that f(z**1) < f(2*) and Vf(2*) — 0 but where f(z*) 4 inf f(x).

Exgrcisk 5.6
Consider the proximal point algorithm, i.e. select x5 € R" and for all £k € N

xk-ﬁ-

1= proch(xk)
where v > 0.

1. Show that (f(z*))ren is a decreasing sequence according to
P < Flaf) = &k H B,
2. Assume that f is lower bounded by B (i.e., B is such that f(z) > B for all

x). Show that ||z**! — 2| — 0 as k — oc.

3. Assume (closed) convexity of f. Show that ||z**! — z¥|| — 0 implies that
disty s o+ (0) — 0 where distys(,)(0) = inficpf(r) s — 0|, i.e. the distance

between the subdifferential and zero becomes arbitrary small.

4. Assume strong convexity of f, show that ¥ — 2* where f(2*) = min f(z).
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Note about the last point. There exist weaker conditions than strong convexity
for the sequence to converge but strong convexity is arguably the simplest.

ExErcise 5.7

Consider the minimization problem
min f(z) + g(z)
and the proximal gradient method
2"t = prox, ,(zF — AV f(2")).

where A > 0. Assume [ is L-smooth and (closed) convexity of g. Prove that it is
a descent method for sufficiently small A and find the upper bound on .

ExErcisk 5.8
Which of the algorithms

* Gradient Descent
* Coordinate Gradient Descent
* Proximal Gradient
* Coordinate Proximal Gradient
are applicable to the minimization problem min,cg~ h(z) where h(x) is
1. 1||Az — b3, where A € R™" m < n
227Qx + b7z + ||z||;, where @ > 0
s Az — b||3 + ||||3, where A € R™*" m < n

$IlAz — b||3 + ||z||2, where A € R™*" m < n

A

LAz=b(T) + tj—11]()

S

eHw—yH% + L[—l,l} (zﬂ)
7. 327Qx + || Dz||1, where Q > 0, D diagonal
8. %a:TQx + tj—1,1)(Lx), where @ >~ 0, L € R™*"

9. log(1 + e "%) + 1 3", max(0, ;)?

ExErcise 5.9

For each of the algorithms and functions in Excercise 5.8, which of the algo-
rithms are applicable to some dual formulation of each of the problems?
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Exercise 5.10

Estimate the per-iteration complexity for each of the primal algorithms from
Exercise 5.8 on the problems

o 127Qx + b7z + ||z[|3, where Q = 0.

* log(14e ")+ >, max(0, z;)?

Exercise 5.11 (%)

Show that it is possible to implement coordinate gradient (and coordinate proxi-
mal gradient) for the function log(1+e~%" %)+ >, max(0, z;)? with a per-iteration
cost that doesn’t grow with the number of elements in z.

ExErcisk 5.12
Consider the problem

minimize 7 Qz + ¢z, where Q > 0
x

with the gradient descent algorithm z**! = z¥ — 4V f(z*) where v € (0,2/L)
and L — Q]|

1. Show that ||z**! — z*|| < ||(I — yQ)||||z* — =*| and that ||[I — Q|| < 1,
where z* is the solution to the problem.

2. Let v = 1/L and find an expression of ||(I —vQ)|| in terms of the
eigenvalues of ().

Let the (geometric) convergence rate r be defined as the smallest r so that
|lz* — 2*|| < 7¥||2° — 2*| holds.

3. LetQ = [6 0] where 0 < ¢ < 1. What is the worst case convergence rate

0 1
r we can expect given the result above? Let ¢ = 0, can you find a point z°
where this is the practical rate.

| e €/10

4. Let Q = [6/10 1

and e. Gradient descent will therefore be slow also on this problem. To

improve the convergence rate, we want to find a variable change = = Vy,
where V is invertible, so that the equivalent problem

minimize, y7 VT QVy + ¢* Vy has better properties. This is often called

preconditioning. Find a diagonal matrix V' so that the diagonal elements

in VT'QV are 1.

. The eigenvalues of this matrix is approximately 1

5. What are (rougly) the eigenvalues of the new matrix V/QV? What can
we expect in terms of convergence rate of ||y* — y*||?

6. When we have a problem where the proximal gradient method is needed
instead of just gradient descent, why do we usually have to limit
ourselves to diagonal scalings V?
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Exercise 5.13 (%)

Let operator T be a contraction, i.e. |Tx — Ty|| < L||z — y|| with L < 1 for all
z,y. Given some z°, show that the following fixed point iteration

gt = Tk

converge to a fixed point, 2* = T2*, i.e. ||z¥ — 2*|| — 0 as k — oc.

Exercise 5.14

One interpretation of coordinate descent is that you restrict the function to a
line and take a gradient step of the function along this line. Let the direction
we want to take a gradient step along be coordinate ¢, i.e. the direction e;,
where index i of ¢; is 1 and the others are 0. Let f; ,(a) := f(z + e;a), we can
then formulate the problem as taking a gradient step of f; , from oy =0, i.e

a=oag— %V fiz(ao)
If f; » is L;-smooth, then we know that f; (@) < fi.(ao) as long as y; € (0,2/L;).
With oy = 0 we therefore get a non-increasing sequence
F@h) = fa* + ei) = fi1(a) < fin(00) = ")
when 2Ft1 = 2k 4 ¢.a.

* Consider the function f(z) = || Az — b||%>. Find the smoothness constants
L;, i.e the bounds on ~;.

¢ Show that L; < L for all 7, where L is the smoothness constant for f. I.e
we are able to take longer steps with the coordinate gradient algorithm
than with regular gradient descent.

ExErcisk 5.15
Consider the minimization problem

. n
min f(z)+_ gi(:)
and the proximal coordinate descent algorithm

Choose i from {1,...,n}
it = prox,, (af —Vif(2"))

k+1 _ k . .
r; = Vi #£i

where V, f(x) is the i:th coordinate of the gradient and v > 0. Assume
L-smoothness of f, (closed) convexity of g; and that each i € {1, ...,n} is chosen
an infinite number of times.

Show that this is an descent method for sufficiently small 4. Find the upper
bound on ~.
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Exercise 5.16

Consider the problem and the proximal coordinate descent algorithm from
Exercise 5.15 but allow for coordinate-wise step-sizes,

g;i?*l = prox,, (2 — Vi f(2%))

E+1 _ Kk C
;= Vj#Fd

where v; > 0. Find better upper bounds for each ~; that still ensures descent
under the following refined smoothness assumption on f.

For all =,y is

fly) < f@)+ V@) (y—2)+ 3y —2)"M(y — )
satisfied for some positive definite M. Since & (y—z)TM(y—=z) < )‘““‘XT(M) lly — |
this implies regular smoothness. Ordinary L-smoothness can also be written on
this form with M = LI where [ is the identity matrix. However, allowing for
arbitrary quadratic upper bound on f means it can be made tighter.

Exercise 5.17 (%)

In this exercise we want to study the convergence of gradient descent and
coordinate gradient descent. Consider the simple problem

1
p* = min —|| Az — bHQ,
z 2

where we assume that A € R”*", Let m = 40,n = 20 and generate a random
matrix A and random vector b. The optimal point z* can in this case can be
found directly using the least squares solution in Julia: xsol=A\b.

* Implement gradient descent, and plot the cost ;|| Az* — b||> — p* as a
function of the iteration k. Note that you can compute and save the
matrix A7 A and the vector A”b to reduce the number of computations
needed at each iteration.

* Implement coordinate gradient descent and compare the cost
|| Az* — b||? — p* to that of the full gradient descent. Take make the
comparison fair, use the same initial point 2° and same step-length, let
the number of iterations be n times as many and plot the cost for every n
iterations.

¢ Implement coordinate gradient descent with the step-lengths computed
in Excercise 5.14 and make the same comparison.

Exercise 5.18 (H)
Consider the following problem of minimizing the function F'(xz) where

Fa)= 43 filw).
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The stochastic gradient method is

Sample i uniformly from {1,..., N}

xk—f—l — xk _ ’Ykaz(.%‘k)

Note that E[V f;(z)|z] = VF(z) given that z is known. Further assume that the
variance is bounded, E[|V f;(z) — VF(x)||?|x] < o2 for all z, and that F is lower
bounded and L-smooth.

1. Show that stochastic gradient descent satisfies

E[F(z51)|2%] < F(z%) = 7P (1 = L47) |V F(@R)|2 + (4F)2 L8

2. Show that it is possible for E||VF(z¥)|| — o if /¥ = 1.
3. Show that miny<7 E|VE(2*)|| — 0 as T — oo if v* = 1.

4. Show that it is possible for E||VF(2¥)|| — ¢ > 0 if v* = 7; for some
constant c.

Exercise 5.19 (*)

In this exercise we want to study the convergence of stochastic gradient
descent. Consider the same problem as in Exercise 5.17, where we can write
the cost as §||Az* — b||? = £ >, (Aiz® — b;)?, where A; is row i in A. Implement
the stochastic gradient algorithm for this problem. Note that you may need
significantly more iterations with this algorithm compared to Exercise 5.17.

* Run the algorithm with a few different constant step sizes ~, for example
Amax, Amax /10, Amax /100, where ). is the largest eigenvalue of AT A.
What happens with the error 3 ||Az* — b|? — p* after many iterations?

* Run the algorithm with a decreasing step size, for example ~/k or 10v/k.
How does the behavior differ?

e What happens if we let gamma decrease faster, e.g. 107/k??

Hints

HinT TO EXERCISE 5.18

E|X — EX|* =E| X[ - |EX|?
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Solutions to Chapter 1

SoruTtioN 1.1

1. Figures b. and d. represent convex sets since the straight line connecting
any two points with the sets are contained within the sets.

Figures a. and c. represent nonconvex sets since the lines drawn below
between two points in the respective sets are partially outside the sets.

C. d.

2. Figures b. and d. are convex so there exist supporting hyperplanes at the
entire boundary.

C. d.

3. Figures b. and d. are convex so the convex hull is the set itself.
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SoruTioN 1.2

1. Takex € S,y € 5,0 € ]0,1], and let z = 6z + (1 — 0)y. Then Ax = b,
Ay =b, and

Az=A0z+ (1 —-0)y) =0Az+ (1 —0)Ay =0b+ (1 — )b =b.

Hence z € S and the set is convex. (This is an affine subspace/intersection
of hyperplanes.)

2. Takex € S,y € S,0 €]0,1],and let z = 6z + (1 — 0)y. Then Ax < b,
Ay < b, and

Az = Az + (1 — 0)y) = 0Az + (1 — ) Ay < b+ (1 — )b = b.

Hence z € S and the set is convex. (This is a polytope /intersection of
halfspaces.)

3. Takex € S,y € S,0€[0,1],and let z = 0z + (1 — A)y. Then x > 0,y > 0,
and

z=0x+(1—-60)y>0.
Hence z € S and the set is convex. (This is the non-negative orthant.)

4. Takex € S,y € S, 6 €[0,1], and let z = 0z + (1 — §)y. Then, since # and
(1 — 0) are positive,

z=0x4+(1-0)y<u+(1—-0Ou=u
and
p=0z+(1—0)y>0l+(1—0) =L

Hence z € S and the set is convex. (The constraints that defines the set
are called box-constraints.)
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5. Takex € S,y € S, 0 €0,1], and let z = 6z + (1 — 0)y. Then ||z|2 <1,
lyll2 <1, and

[2ll2 = [0z + (1 = O)ylla < Oflzfla + (1 = O)[lyll2 < 1.

Hence z € S and the set is convex. (This is the unit 2-norm ball, i.e. all
points with distance to the origin less than one.)

6. Considern =1,i.e.,z € R. Letx = —-1,y=1,and z = %(x +y) =0. Then
—||z|l2 = —1 and x € S. Similarly —||y|2 = —1 and y € S. However,
—|lz|]]2 = 0 and z ¢ S. Hence the set is not convex.

7. The condition —||z||2 < 1 holds for all € R". Hence S = R", which is
convex.

8. Take (z,t;) € S, (y,ty) € S, 0 € [0,1], and let
(24t2) = O(, t2) + (1 — 8)(y, ). Then lz]l2 < to, [yll2 < t,, and

I2ll2 = [0 + (1 = O)ylla < Ollzfla + (1 = O)[lyll2 < Otz + (1 = O)t, = L.

Hence 2 € S and the set is convex. (This set is called a second order cone
and is shaped like an ice cream cone.)

9. Take X € S,Y € 5,0 €[0,1],and let Z =X + (1 — 0)Y. Then 27 Xz > 0
and 7Yz > 0 for all z € R”, and for arbitrary = € R™:

' Ze =27 (0X + (1 -0)Y)r =02" Xz + (1 —-0)z"Yz > 0.

In addition, Z is symmetric since X and Y are. Hence 2z € S and the set is
convex.

10. Takex € S,y € 5,0 €[0,1],and let z = 0z + (1 — 0)y. Then z = a, y = q,
and

z=0x+(1—-0)y=a.
Hence 2 € S and the set is convex.

11. Consider n =1,i.e.,x € R. Letz =a:= -1,y =5b:=1, and
z=1(x+y) =0. Then z # a and z # b, hence z ¢ S and the set is not
convex.

SoruTioN 1.3

1. Intersection. Take z,y € C. Then z,y € Cy and z,y € Cs. Therefore, by
convexity of Cy and Cs, we have for all § € [0, 1] that 6z + (1 — 0)y € C; and
Oz + (1 —0)y € Cy. Hence 0z + (1 — )y € C which shows that it is convex.

2. Union. Take C; = {0} and Cy = {1}. Then C = {0, 1}. This is not convex
since, e.g., 0.5 ¢ C.

SoruTtioN 1.4
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1. Affine. Letz ¢ Vandy € V. Thenz =y=cand az+ (1 —a)y =a € V for
all « € R and z,y € V. Hence the set is affine.

2. Not affine. Affine means that sz + (1 — 3)y € V for all choices of 5 € R
and z,y € V. But, for instance the choice of z = a, y = b and 8 = 2 is quite
obvious not in V.

For a numerical example we can taken =1,a = —1, b = 1. Then
V =[-1,1] while Bz + (1 — B)y =2 (—1) + (—1)x 1= -3 & V.
3. Affine. Take x,y € V. This means 351, f2 € R such that

x=pra+ (1 —p51)b
y = faa+ (1—B2)b

Then for all o € R,

ar+ (1 —a)y
= (af1 + (1 —a)f2)a+ (a(l = 1) + (1 — a)(1 — B2))b
=(af1+ (1 —a)f2)a+ (1 - (af + (1 —a)B2))b
=oca+ (1—o0)b

where o = a1 + (1 — a)B2 € R. Hence az + (1 — a)y € V and the set is
affine.

SoruTtioN 1.5

Figures (a), (b), and (d) are cones. Figures (a) and (b) (and (c)) are convex.

SoruTtioN 1.6

All sets are in Exercise 1.2 shown to be convex. It is left to decide which sets
that are cones.

1. Let z € S,i.e.,, Ax = 0. Then A(ax) = aAx = 0 for all « > 0. Hence,
az € S for all « > 0 and S is a cone.

2. Letz € S,i.e., Ar =b# 0. Then A(ax) = adxz =ab#bforall a # 1
(unless b = 0), and therefore ax ¢ S. Hence S is not a cone.

3. Let z € S,i.e., Ax <0. Then A(ax) = aAx <0 for all « > 0. Hence ax € S
for all &« > 0 and S is a cone.

4. The inequality Az < b consists of m scalar inqualities a = < b, that all
must hold. Let z € S and j € {1,...,m} be such that a] = = b; and b; # 0
(such z always exists since A # 0 and since b # 0). Now,

T T

at(ax) = aat x = ab; for all o > 0.
J J J

Ifb; > 0 and a > 1, then a?x =abj >bjand ax € S.
Ifb; <0and a € [0,1), then a?x =abj >bjand ax ¢ S.

Hence S is not a cone.

38



5. Letz € S,i.e., z > 0. Then ax > 0 for all & > 0. Hence, ax € S for all
o > 0and S is a cone.

6. Let (z,t) € S, i.e., ||z]]2 < t. Then ||az|s = al|z|s < at for all & > 0. Hence
(ax,at) € S for all @ > 0 and S is a cone.

7. Let X € S, i.e., X is symmetric and 7 Xz > 0 holds for all z € R".
Scaling X by a does not destroy symmetry. Also 27 (aX)r = az? Xz >0
for all &« > 0 and all x € R". Hence, a.X € S for all « > 0 and S is a cone.

SoruTioN 1.7
1. Convex. We should prove that
oz + (1—0)y) < bOo(x) + (1 —80)e(y) (5.1)

for all z,y € R" and all 6 € [0, 1]. If z,y € C, then the lefthand side and
the righthand side are 0 by convexity of C', hence (5.1) holds. If x € C or
y ¢ C, the RHS is co which means that (5.1) is satisfied.

2. Convex. By the tringle inequality and positive homogenity of norms, we
have for all 6 € [0, 1]:

10 + (1 = O)yll < Olj=[| + (1 = O)lyl-

3. Not convex. By the tringle inequality and positive homogenity of norms,
we have for all 6 € [0,1]:

=0z + (1 =)yl = 6(=[lz]) + (1 = O)(=llylD)-

Hence f(z) = —||z| is only convex if we have equality for all x,y and

0 € [0,1]. Now, let y = —z # 0 and # = , which gives 0 > —|z||. This holds
with strict inequality for all = # 0. Hence f is not convex. (Another way to
prove the second fact is that the convexity definition holds with equality
everywhere if and only if f is affine.)

4. Not convex. The function is twice continuously differentiable. The
gradient Vf(z,y) = (y,x) and the Hessian

V3 f(x,y) = [(1) (1)} :

This is not positive semidefinite (symmetric but eigenvalues -1,1). Hence
f is not convex.
5. Convex. We have
T _ (T T
a'(@r+(1—-0)y)+b=0>a"z+b)+(1—0)(a"y+10)
and the convexity definition holds with equality.

6. Convex. The Hessian is V2f(z) = Q > 0, so f is convex.
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7. Convex. Let y; and y, be arbitrary. Let x1 € C be the closest point in C
from y; and let x2 be the closed poitn in C from y,. Further, let 6 € [0, 1]
and define z = 0z + (1 — 0)xy € C due to convexity of C. Then

Odistc(y1) + (1 — 0)diste(y2) = Olyr — 21| + (1 — 0)[Jy2 — 22|
= [[0(y1 — z1)|| + [I(1 — ) (y2 — 22)||
> [|0y1 + (1 — 0)y2 — (021 + (1 — 0)z2) ||
= [|0y1 + (1 — O)y2 — ||
> disto(Oy1 + (1 — 0)yo).

SoruTioN 1.8

1. We know that ||z| is convex. Now, define

y? ify >0
hiy) =
() {0 else

Since h is an increasing function for p > 1 and ||z|| is convex,
h(||z||) = ||z|[P is convex.

2. First term: ||z||3 is convex and || Az — b||2 is convex since composition with
affine mapping. ||z||; convex since norm. Finally, sums of convex
functions are convex.

3. All norms in the max expression are convex. The max operation
preserves convexity.

4. maz(0,1 + z;) max of convex functions, hence convex. Sum over these
convex functions is convex. Second term is increasing function of (convex)
norm, hence convex. Nonnegative sum is convex.

5. Index all y using j from the uncountable index set J to get y;. Further
define r; = g(y;). Then a;(z) = 2Ty; — r; are affine functions of z and
f(z) =sup;(a;(z) : j € J). Since f is the supremum over a family of
convex (affine) functions, it is convex.

SoruTtion 1.9

1. It is nonempty since obviously z € C. Now, let z; € C and z2 € C be
arbitrary. Then, g(z;) < 0 and g(z3) < 0. Now, by convexity of g, we have
for all 0 € [0,1] that x = 01 + (1 — 0)x, satisfies
g(x) <0g(z1) + (1 —0)g(x2) < 0. Hence z € C, and C is convex.

2. Let g be as follows:
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3. Let g be as follows:

\ 9()
0

Sorution 1.10

f@) = |o| + 22 f(z) = max(|z|, 2%)

f(z) = min(|z, 2%)

Sorution 1.11
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1. We have

g0z + (1 = 0)y) = g1(0z + (1 — 0)y) + g2(0z + (1 — O)y)
< 0Ogi1(z) + (1 = 0)g1(y) + 0ga(x) + (1 — 0)g2(y)
= 0[g1(z) + g2(z)] + (1 — 0)[g1(y) + g2(v)]
= 0g(x) + (1 —0)g(y).

Hence g is convex.

2. We have

)1 g(x) <7}

,7) : max(gi(z), g2(x)) < 7}
)

c91(z) <rand go(x) <7}
1) gi(z) < rpnd{(z,r) : go(z) <1}

which is convex since g; and go are convex. Hence g is a convex function.

SoruTtioN 1.12

Let x,y € domf. Then, by definition of convexity, f(6z + (1 —0)y) < 0f(z) + (1 —
0)f(y) < oo for all § € [0,1]. That is (= + (1 — 0)y) € domf if x,y € domf and
domf is convex.

SoruTtion 1.13
The epigraph of f is

epif = {(z,r): f(z) <r} =
={(z,7) : [aT, -1] ”3]

which is a halfspace in R"*+1.

SoruTtioN 1.14

Since 6 only affects the first argument of L, convexity w.r.t. the second is direct.

1. The function reads L(fx,y) where x fixed. This is convex in the first
argument w.r.t. # since L is convex and it is a composition with an affine
(linear) mapping 6.

2. Let,e.g.,0(u) =u, L(u,y) = u, x = 1 and y € R. Then
L(m(x;0),y) = m(x;0) = 620, which is nonconvex. Hence, this
formulation is nonconvex in general.
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SoruTtioN 1.15

1. That f(z) — %||z|3 is convex is equivalent to that for all z,y and 6 € [0, 1]
and z =0z + (1 —0)y:

f(2) = §ll=13 < 6(f(2) = §ll=[I3) + (1 = O)(f(y) — §lyl3)
which is equivalent to that
f(2) SOf(2)+ (1= 0)f(y) + 5(II=13 - Ollz]3 — 1 = O)lyll3)-
Now,
162 + (1 —0)y[l3 - 0llz|3 — (1 - 0)llyl3
= (6% = O)l|=[3 + (1 = 6)* = (1 = 0))lyll3 +20(1 — O)aTy
= (0(1 = ) (=[5 — llyll3 + 22Ty)
=—(0(1 =) (llz - yl3) (5.2)
which proves the result.

2. That §||:U||% — f(z) is convex is equivalent to that for all =,y and 0 € [0, 1]
and z = 0z + (1 - 0)y:

3lI=l13 = f(z) < 05 lll3 = f(2) + (1= 0)(5lyl3 — F(v)

which is equivalent to that

f(2) 2 0f(x) + (1= 0)f(y) + 5(II=I13 = Ollll3 — (1 = 0)l|yl}3)-

Using (5.2) gives the result.

SoruTtioN 1.16

1. See the following figure. The graph a valid function must lie within the
dark shaded areas. The dashed lines are examples of valid functions f.
Note that smoothness implies differentiability. The example in the convex
case can therefore not be used in the smooth case even though it lies
within the shaded region.

Sorution 1.17

Convex and Smooth
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1. See the following figure. The graph a valid function must lie within the
shaded areas. The dashed lines is are possible functions f.

' 1 i 1 1
Strictly Convex Strictly Convex and Smooth Strongly Convex and Smooth

SoruTtioN 1.18

1. Assume on the contrary that two minimizers exist, i.e., that x # x* exists
that satisfies f(x) = f(z*). Then, by strict convexity of f:

fgz + 52%) < 3(f(z) + f(z")) = f(z7)
which is a contradition. Hence, at most one minimizer can exist.

2. The function f(z) = % with domain = > 0 is strictly convex with infimum
0. But no x exists such that f(z) = 0. See figure.

SovruTioN 1.19
See figure below.

44



/( R,

1. Not full domain, hence not smooth, strictly convex since no flat regions,
not strongly convex since no quadratic lower bound.

2. Not full domain, hence not smooth, strictly convex since no flat regions,
not strongly convex since no quadratic lower bound.

3. Smooth, not strictly convex since flat regions, not strongly convex.
4. Smooth, strictly convex, strongly convex.

5. Not smooth (no quadratic upper bound at 0), not strictly convex, not
strongly convex.

6. Smooth since quadratic upper bounds everywhere, not strictly convex
since flat regions, not strongly convex.

7. Not smooth since no uniform quadratic upper bound, stricly convex (since
no flat regions, not strongly convex since no quadratic lower bound.

8. Not smooth since not uniform quadratic upper bound, strictly convex
(since no flat regions, not strongly convex since no quadratic lower bound.

SoruTtioN 1.20
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1. Consider the following function f and point z:

\/c\ /

2. Assume first that f is convex and z,y € R. By convexity of f

fla+0(y—=) <(1-0)f(z)+0f(y)

for all 6 € [0, 1]. If we divide both sides by ¢ and take the limit as 6 0,
we obtain

fly) > f(x) +£1{‘1% f(:c+9(y—9x)) — f(x)

= f(z) + Vf(2)"(y — 2),

where the equality follows from the hint. That is, if f is convex, then (1.1)
holds.

Now, assume instead that (1.1) holds. Choose any = # y, and 6 € [0, 1],
and let z = 6z + (1 — 0)y. Then

f@) 2 f(2) + V() (@ —2) = f(2) + Q= OVf(2) (z —y),
Fy) = f(2) + V() (y = 2) = f(z) =0V () (x — )

Multiplying the first inequality by 6, the second by 1 — 6, and adding
them gives (since 6 € [0, 1])

0f(x) + (1 =0)f(y) = f(2).

That is, f is convex.

SoruTtioN 1.21

1. Let f(z) := sup, u” (Kz —b) and let z € C, i.e., Kz — b = 0. Then
f(x) =sup, u"0 = 0. That is, f(z) = 0 forall z € C.

Ifinstead x ¢ C, i.e., Kz — b # 0, then select y = t(Kx — b) to get

f(z) =sup pu? (Kz — b) = supt|Kz — b||*> = oo
W t

ast — oo. Thatis, f(z) =ocoforall x ¢ C.
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2. Let f(z) :=sup,>opu’ g(z) and let z € C, i.e., g(x) < 0. Then for all 1 > 0,
we have ;" g(x) < 0. In particular, for ; = 0, we get ;7 g(z) = 0. Hence
f(z) = sup, uPg(x) = 0. Thatis, f(x) =0 for all z € C.

If instead = ¢ C, i.e., g(z) > 0, then select ;. = tg(x) (which is nonnegative
for all ¢ > 0) to get

() = sup " g(x) = suptg(a) | = o0
“w

ast — oo. Thatis, f(z) =coforall x ¢ C.

SoruTioN 1.22

Assume on the contrary that x* is a local minimum, but not a global minimum,
i.e., that there exists z € R" such that f(z) < f(z*) but that f(2*) < f(x) for all
x such that ||z — z*|| < §. Then, by convexity, for all § € (0, 1] we have

F((L=0)a" +07) <(1-0)f(2") +0f() < (1 -0)f(2") +0f(2") = (7).

Now, let « = (1 — 0)x* + 0z and for small enough 6 € (0, 1] (for instance

6 = min(1, = x|)) we have ||z — z*|| = ||[(1 — 0)x* 4+ 0z — z*|| = 0||z* — z|| < J but
f(z) < f(z*), i.e., z* is not a local minimum and we have reached a
contradition. More specifically, we have shown that if z* is not a global
minimum, it is not a local minimum. Hence, if z* is a local minimum, it must
be a global minimum.

SoruTioN 1.23
We have

w

3
FObixi) = f(br1 + (1 — 61)(

< elf(l‘l 1 — 91

= 01f(21) + (1 91)f( By + (1 - 125) ——5——ua3))

(1=1=g;)(1=61)
=01 f(z1) + (1 — 61) f (2 (1- 19291)1991792553))
< 01 f(21) + O2f(22) + (1—91 — 02) f (1= %3)

= 01f(w1) + O2f (x2) + 03 f(x3)

where the convexity definition has been used in the inequalities and that 65 =
1 — 61 — 65 in the last equality.
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Solutions to Chapter 2

SoruTioN 2.1

1. Function is convex and differentiable with V f(z) = . Hence 0f(z) = {«}.

2. Function is convex and differentiable with Vf(x) = Hx + h. Hence
Of (x) = {Hx + h}.

3. For z < 0, the function is —z and differentiable with gradient -1. For
x > 0, the function is = and differentiable with gradient 1. At z =0, all
elements in [—1, 1] are subgradients (see figure).

-1 ifz <0
of(x) =4 [-1,1] ifz=0
1 ifz >0

of

T

(0,—-1)

4. Whenever z € (—1, 1), the function is 0 with gradient 0, hence Jf(x) = 0.
When z > 1 or z < —1, z is outside the domain and 9f(z) = (). When
x =1, all s > 0 are subgradients. When x = —1 all s > 0 are subgradient
(see figure). Note that this subdifferential is the inverse of the
subdifferential of |x|.

[—00,0] ifz=-1
0 ifz e (—1,1)
[0,00] ifz=1

0 else
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of

(=00, —1) (00, —1)

D0y 0.1 7Y

5. For z < —1, the function is 0 and the gradient is 0, hence 0f(z) = 0. For
x > —1, the function is z + 1 and the gradient is 1, hence 0f(z) = 1. For
x = —1, all s € [0, 1] are subgradients (see figure).

0 ifx < —1
of(x) =14100,1 ifz=-1
1 ifx > —1

of

2 x

(1,=1)
(0, —1) (0.5, —1)

6. For = > 1, the function is 0 and the gradient is 0, hence 0f(z) = 0. For
x < 1, the function is —z + 1 and the gradient is -1, hence 0f(x) = —1. For
x =1, all s € [-1,0] are subgradients (see figure).

1 ifz <1
f(x) =14 [-1,0] ifz=1
0 ifz>1
f(x) of

(=1,+-1)
(—=0.5,—1) (0,-1)

SoruTioN 2.2
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1. See figure below.

z1: There is one affine minorizor to f at x; with slope —3. Hence
Of(x1) = {—3}. f is also differentiable at x; with gradient —3. Hence
V(1) =-3

x9: There is no affine minorizor to f at zo. Hence 0f(x) = (). However, f
is differentiable at 25 with V f(z2) = 0.

x3: There are several affine minorizors to f and x3. Their slopes range
from O to 3. Hence df(x3) = [0, 3]. However, f is not differentiable at
xrs3.

f(x)

.
v

/(0, —1)

2. Fermat’s rule 0 € 9f(x) holds for x5 but not for zy and z5. Therefore, x5 is
a global minimum to the nonconvex function f.

SoLuTION 2.3
1. Yes, since 0 € 9f(z).
No, since 0 & 9g(y).
No, since subdifferential not singleton (unique) at x.

No, since subdifferential not singleton (unique) at y.

A

A

See examples below.

SoLuTioN 2.4

* From the definition of monotonicity, we know that the minimum slope is
0 and maximum is co. Therefore a. and b. are monotone while ¢. and d.
are not.
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* We rule out c. and d. since they are not monotone. Since operators

A : R — 2R for Figures a. and b. are monotone, there exist functions f
such that A = 9f. The subdifferential in a. is maximally monotone, hence
the subdifferential of a convex function. The subdifferential in b. is not
maximally monotone, hence not the subdifferential of a convex function.

SoruTiOoN 2.5

1.

Convex. The gradient V f(z) = o(x). Since o is differentiable, so is f.
Therefore, since 0 = V f is monotone with full domain, f is convex.

. Not convex in general for nonlinear ¢. Consider, e.g., o(z) = 7 +i,x —1and
corresponding || (z)||3 below.
o(x) lor()113
x x

SoruTION 2.6

1.

a. Since 0f is maximally monotone, f is convex.

b. Since Jf is not maximally monotone, f is not convex.

. The optimal point z* satisfies 0 € 9f(z*) (Fermat’s rule). Hence, the

minimizing z* are the x where the graph crosses the x-axis for both a.
and b..

. No, since a constant offset of f is not visible in Of.

. Below are example plots of f.

-/ NI
o M

a. b.

It is linear to the left of the minimum and quadratic to the right.
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SoruTioN 2.7

1. The following function (which is the absolute value |z|) is a lower bound
to f.

(0,0)

2. Since the function above is a lower bound to f, its minimum 0 is a lower
bound to the minimum of f.

3. An example of function f is given below. The function is f(z) = 3(22 + 1).

-y Y

(-1,-1) (1,-1)

SoLuTioN 2.8

Since f is o-strongly convex, g(z) := f(z) — §||z||3 is convex. By the
subdifferential sum rule, dg(x) = 0f(z) — ocx. Now, by convexity of g, we have
for all s, € Jg(z) that s; = s; — ox for some sy € 0f(x) and

F) = 5lyl3 = 9(y) = g(@) + 54 (y — 2) = f(2) = §l|=[3 + 54 (y — )
= f(z) = §llzl3 + (s — o) (y — ).
Now, since [|y||3 — ||z]|3 — 22T (y — x) = ||z — y||3, this is equilvalent to

f) = f@) +sily—=a)+ Sl -yl

SoruTtioN 2.9
1. We have:

IVg(z) — Vg)ll2 = |ATV f(Az + b) — ATV f(Ay +b)|2
= [AT(V f(Az +b) = Vf(Ay + b))l
< [[A[[I(Vf(Az +b) — Vf(Ay +b))2
< [|A]|B][Az + b — (Ay + b)]|2
< [|A][B]|A(z — y)ll2
< |A]*B]lz — yll2-

Hence g is || A||?3-smooth.
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2. Set, e.g., A =0. Then g(x) = f(b), which is constant. A constant function
is not lower bounded by a quadratic function with positive curvature.
Hence g is not necessarily convex.

SoruTtioN 2.10

(a) f not differentiable (0f multivalued at 0), hence 0f not Lipschitz. df not
strongly monotone (minimum slope 0), hence f not strongly convex.

(b) f differentiable (not multivalued anywhere). Max slope 1 implies 0 f
1-Lipschitz. df not strongly monotone (minimum slope 0), hence f not
strongly convex.

(c) f differentiable (not multivalued anywhere). Max slope 1 implies 0f
1-Lipschitz. df not strongly monotone (minimum slope 0), hence f not
strongly convex.

(d) f differentiable (not multivalued anywhere). Max slope 1 implies 0 f
1-Lipschitz. 0f strongly monotone with minimum slope 1/2. Since 90f is
also maximal, f is %-strongly convex.

SoruTioN 2.11
Suppose that s; € dg;(z;). Then
9i(Yi) > gi(xs) + si(ys — x;).

Summing over i gives

n

9(y) = g(@) + Y silys — i) = g(2) + 5" (y — )
i=1

and s = (s1,...,s,) is a subgradient of g.
Now suppose instead that s € dg(z). Then

D aiw) = g(y) > g(x) + 5" (x —y) =Y (gi(:) + sili — 1))
=1

i=1

holds for all z,y. Let j € {1,...,n} be arbitrary and set x; = y; for all i # j,
then this recues to

9i ;) = g5(x5) + 5(y; — x5),
i.e., s; € Jg;. Since j is arbitrary, the result follows.

SoruTioN 2.12
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All subgradients s must satisfy
fy) = f(x) + (s,y —x) forally e R".

Since there exists y such that f(y) < co and f(z) = 0o, no subgradient s exists
at z € domf.

SoruTioN 2.13
A vector s is in the subdifferential of the indicator function at z if

wo(y) > to(z) + 5" (y — x)

for all y. Assume x € C, then (o (y) > s’ (y — z) for all y, which is equilvalent to
that s”(y —x) <0forall y € C. Assume x ¢ C but y € C. Then
0> oo + 57 (y — x) for all y. No such s exists and 1c(z) = 0.

SoruTion 2.14
Fermat’s rule says = = prox. ;(z) if and only if 0 € 0f () + v (z — 2).

1. We have 0f(z) = {z}, which gives 0 = vz + (z — 2) or x = (1 + )2

2. We have 0f(z) = {Hx + h}, which gives 0 = v(Hz + h) + (x — z) or
(I+~H)x=2z—~horx=(I+~vyH) (2 —~h).

3. Let = = prox,;(z), which means 0 € 9f(z) + v~ !(z — 2). The
subdifferential satisfies

—1 ifz <0
Of(x) =q[-1,1] ifz=0
1 ifz >0

Let first © < 0 to have 0f(z) = {—1}. Then
0€df(x)+7 H(z—2)

implies that z = z + 7. Now z < 0 if z < —~.
Let 2 > 0 to have 0f(z) = {1}. Then

0€df(z)+vy H(z—2)

implies that z = z — 7. Now 2z > 0 if z > ~.
Let x = 0 to have 0f(z) = [-1, 1] Then (since z = 0)

0€df(0)+~v10—2)

implies that z € [—v,7].

Hence, the prox becomes

2+ ifz<—y
prox, ;=<0 if z € [—7,7]
z—n ifz>y
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4. The function is the indicator function of C' := [—1, 1], hence the prox
reduces to the projection onto C. If z < —1, the projection is point is -1. If
z € [—1, 1], the projection point is z since z € C. If z > 1, the projection
point is 1. Hence, the prox becomes

-1 ifz< -1
prox.; =<z ifze[-1,1]
1 ifz>1

5. Let z = prox,;(z), which means 0 € 0f(z) +~ '(z — z). The
subdifferential satisfies

0 ifer < -1
af(x)=<10,1 ifz=-1
1 ife>—1
Let first + < —1 to have df(z) = {0}. Then
0€df(z)+y Hz—2)

implies that © = z. Now z < —1if 2 < —1.
Let z > —1 to have 0f(z) = {1}. Then

0€df(x) +7 1z —2)
implies that z =z —v. Now z > —1if z > v — 1.
Let x = —1 to have df(z) = [0, 1] Then (since x = —1)
0€df(—=1)+v1(~1-2)
implies that z € [-1,vy — 1].
Hence, the prox becomes
z if 2z < -1

prox, ;= ¢ —1 if ze[-1,v—1]
z—7 ifz>y-1

6. Let x = prox, ;(z), which means 0 € df(z) +~'(z — z). The
subdifferential satisfies

-1 ifr <1
Of(x) =< [-1,0] ifx=1
0 ife>1

Let first © < 1 to have 0f(x) = {—1}. Then
0€df(z)+~y H(z—2)

impliesthat z = 24+ ~v. Nowz < 1if 2 < 1 — .
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Let = > 1 to have 0f(z) = {0}. Then
0€df(z)+~y H(z—2)

implies that © = z. Now z > 1if z > 1.
Let z = 1 to have 0f(z) = [—1,0] Then (since z = 1)
0€af(1)+y 11— 2)
implies that z € [1 — v, 1].
Hence, the prox becomes
z+vy ifz<1l—9y
prox. ;= (1 ifze[l—7,1]
z ifz>1

SoruTioN 2.15
We have

prox.,(2) = argmin(g(x) + 5|z — 2[13)

n n
— argmin(} _ gi(z:) + 5= > |7 — z]3)
x i=1 i=1
n

= argmin(Z(gi(Ii) + %Hfﬂi - 2il[3))

* i=1

[argmin, (g1(z1) + 55 [la1 — 21]3)

largmin, (gn(xn) + %Hxn - Zan)

[prox., (z1)

[prox., (z0)

SoLuTioN 2.16

We know that we need to consider n > 2 since for n = 1, all monotone operators
are subdifferentials of functions. Let n = 2 and set linear single-valued
A:R? - R? as A(z1,22) = (x2, —21), which can (with notation overloading) be
represented by the matrix
0 1
A= [_ 1 0} .

Then A = — AT (it is skew symmetric) and

(Az — Ay) " (x —y) = (z —y) AT (z — y) = —(x — y)" (Az — Ay)
= —(Az — Ay)" (z — y).
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Hence (Az — Ay)T(z — y) = 0 and monotonicity holds with equality.
It is not the gradient of a function since the matrix A would be the Hessian,
but it is not symmetric.
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Solutions to Chapter 3

SoruTtioN 3.1

Compute explicit expressions for the conjugates of the following convex
functions.

1. We have
£(s) = sup(s" = — |z||3)

Now V f(z) = x. Fermat’s rule says z is a solution if and only if 0 = s — z.
Hence,

T
fr(s) = s"s — gllzl3 = 3llsli3.

2. We have

f*(s) =sup(s’z — Jx"Ha — h'2)

Now V f(z) = Hz + h. Fermat’s rule says z is a solution if and only if
0=s— Hx —h,ie. x = H !(s— h) (since H invertible). Hence,

TH Y s—h)—L(s—hn"HHH *(s—h)—h"H (s —h)

S(s—hTH (s —h).

For s <0, an optimal 2 = —1 and f*(s) = —s.

For z > 0, an optimal z = 1 and f*(s) = s.

Therefore
. —s ifs<0
J(s) = {s ifs>0
ie., f*(s) = |s|.
4. Since ¢[_; 1 is (closed) convex, 7", 1] = Y-1,1]- In view of the above
fr=1r= (Lfim])* - ‘ij] = -1
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It can also be proven explicitly. We have

() = sup(sa  a)

Fors < —1,let x =¢_ <0 with {_ — —oo, which gives

f*(s) =sup(zs — |z]) > st— — |[t_| = (s + 1)t = o0

since s < —1.

For s > 1,1let z = t, < 0 with {4 — oo, which gives

f(s) = sup(ws — [z[) = sty — [t [ = (s — 1)ty = 00

since s > 1.

For s € [-1, 1], we have by Cauchy-Schwarz that sz < |z||s| < |z| for all x.
Therefore f*(s) = sup, s’z — |z| < sup, |z| — |z| = 0. Further,
f*(s) = sup, sx — |z| > sup, sO — 0 = 0. Hence f*(s) =0forall s € [-1,1].

The conjugate becomes

F(s) = {o if s € [1,1]

oo else
ie. f*(s)= t—1,11(8)

. For all s € 0f(x), the conjugate satisfies f*(s) = sz — f(x)
(Fenchel-Young). The subdifferential is:

0 ifr < —1
df(x) =< 0,1 ifx=-1
1 ifz > —1

Let z < —1,then s =0 and f*(0) =0 — f(x) = 0 (since x < —1).

Let x > —1,thens=1and f*(1) =z — f(z) =2 — (z + 1) = —1 (since
x> —1).

Let z = —1, then s € [0,1] and f*(s) = —s — f(—1) = —s (since x = —1).
The other s are not subgradients to f at any x. We verify that f*(s) = oc.
Fors < 0,letz =t_ <0 witht{_. — —co and

fr(s) > st_ — f(t-) = st— — oo.

For s > 1,let x =ty > 1 with t; — oo and
J*(s) 2 sty — f(ts) = (s = Dty + 1) = oc.

Hence, the conjugate is

Fi(s) = {—s if s € [0,1]

oo else
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6. For all s € 0f(z), the conjugate satisfies f*(s) = sz — f(z)
(Fenchel-Young). The subdifferential is:

—1 ifx <1
Of(x) =< [-1,0] ifx=1
0 ifx >1

Let x < 1,then s = -1 and f*(—1) = —x — (1 — z) = —1 (since = < 1).

Let x > 1, then s = 0 and f*(0) = 0 — f(z) = 0 (since = > 1).

Let z = 1, then s € [-1,0] and f*(s) = s — f(1) = s (since x = 1).

The other s are not subgradients to f at any x. We verify that f*(s) = oc.

Fors—1,letx =t_ < -1 witht_ — —oco and
fi(s)>st — f(t=) =(s+1)t_ — 1 — oo.
For s > 0,let z = ¢, > 0 with ¢, — oo and
[H(s) = sty — f(ty) = sty — 0.

Hence, the conjugate is

oo else

5 = {s if s € [-1,0]

SoruTiOoN 3.2
We have

g*(s) = sup(z”s — g()) = SUP(Z z;si — gi(xi))

=1
n
=25

=1

= g5 ().

i=1

u_P(xz‘Si — gi(4))

SoruTioN 3.3

1. The function f(z) = ||z||; = > |z;|- Therefore

F) =D fsi) =D try(si) =t f<i(s)
=1

i=1
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2. The function f(x) = ¢[_y1)(z) = >2i_; t[—1,1(:). Therefore

F&) =) fils)=)_lsil = lslh.
i=1 i=1

SoruTIoN 3.4
1. Conjugate f*(s) = sup,((s,z) — ||z||2)

(a) The conjugate satisfies f*(s) > 0 for all s since by selecting x = 0, we
get f*(s) = (s,0) — [[0f]2 = 0.
(b) By Cauchy-Schwarz (s, z) < ||z||2|/s]|2, we have

Fi(s) = sup((s, z) — |lzll2) < sup(flslallzll2 = llzll2) = sup((lls|l2 = Dllll2)-

Hence, if ||s||2 < 1, f*(s) < 0, which implies that f*(s) = 0.
(c) Set z = ts with ¢t > 0 to get

F7(s) = sup({s, z) — |l[}) = tlsl3 —tlsllz = tllsll2(lls]l2 — 1)-

Whenever ||s||2 > 1, we let t — oo to conclude that f*(s) = occ.

(d) To summarize

oo else

2. The subdifferential of f satisfies

of (x) = Arg;nax(sTx — f*(s)) = Argmax(s’ z).

l[sll2<1

If x = 0, then the objective is 0 and all feasible points are optimal, i.e.,
0f(0) = B(0,1) :={s : ||s|l2 < 1}.

If instead = # 0, then max |, <1 (s =) < max),<; [[s]2l|z[l2 = [|#[|2. Now,

let s = -, to get max |, <1 (s’ z) > ||z

Therefore

Of (z) = {B(O, 1) ifz=0

z/||x|l2  else

SoruTIoN 3.5

1. Since f is only defined in in four points, the conjugate is

f*(s) =sup(sz — f(z)) = max(—s —0,—1,s + 1,2s)

T
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f(fﬂ) s+1

(-1,0) (2,0)
T

(1,-1)
X

2. The biconjugate f** is the convex envelope of f. See figure.

f(x) f(z)
©0,1) 0D }
(-1,0) (2,0) (-1,0) (2,0)
x x\ K— T
1,-1) 1,-
X

SoruTiOoN 3.6
1. The claim says that

f*(s) = max(s) = sups”
3 TEA

Suppose that i is any index where s; = max;(s;). First note that
x=¢e; € Agives s x = s;. Now let 2 # ¢; but € A. Then

n n
sy = E Tj8; = x;S; + E 855 < x;8; + 8 E Tj = 8 E xTj = 8.
Jj=1 J#i J#i Jj=1

Hence, all points z € A\e; satisfy s”z < s;. Therefore
sup,ca 8T = max;(s;).

2. Since element-wise max is closed and convex, the conjugate is ¢a.
3. The claim says that

f*(s) = max(0, max(s;)) = sups’
¢ xeD

Suppose that i is any index where s; = max;(s;) and that s; > 0. First
note that = = e¢; € A gives s”x = s;. Now let « # ¢; but € D. Then

n n
sy = g ;8 = X38; + g S5 < X8 + 8 E Tj = 8 E xz; < 8y,
Jj=1 Jj=1

J#i J#
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where the last step uses s; > 0. Hence, whenever s; > 0 all points
x € D\e; satisfy s”x < s;. Therefore sup,. s’ = = max;(s;) for all s with
at least one nonnegative element s; > 0.

Assume now all s; are negative. Then for all z € D:
sTx <0= sT0.
Hence = = 0 is optimal and f*(s) = 0 for s with all negative elements.

Combined, this gives f*(s) = max(0, max;(s;)).

4. Since max(0, max;(s;)) is closed and convex. The conjugate is ¢p.

SovruTioN 3.7
1. We have
—f*(0) = = sup(0"w — f(2)) = —sup(~f(x)) = inf f ().

2. We have
0*(0) = Argmax(07z — [** () — Argmax(—f(z)) — Argmin f(z)

where we have used that f** = f.

SoruTIiOoN 3.8

1. Since we are dealing with set valued mappings it is no problem if the
inverses are set valued, i.e. we do not need to care about surjectivity and
injectivity. The axis of the graphs are simply flipped.

2. Only a. and b. are functions. The other are set-valued.

3. Only the inverses of operators a. and c. are functions. The other are
set-valued

—

/
\

\
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SoruTtioN 3.9

Since 0f* = (0f)~!, we can flip the figures as follows.
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Of (x)

Of (x)
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af*(s)

af*(s)

af*(s)

af*(s)
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SoruTtioN 3.10

By Fermat’s rule, » = prox_ ;(z) if and only if

0€df(z)+v Hz—2)
& z e (I+~0f)(z)
& (I +~0f) e =z

We have equality in the last step since we know that the prox is single-valued
for convex functions.

SoruTtion 3.11

1. We will solve this graphically. Left plot shows I + v0f and the right
shows (I +~0f)~! = prox, .

x+y ifr<—y
prox, ¢(z) = 40 ifz €[—v,7]
x—r ifz>~y

/ (I+~0f)"
V1 /

T

2. We will solve this graphically. Left plot shows I + 70f and the right
shows (I +~0f)~! = prox, ;. The prox does not depend on v (since it is
actually a projection).

-1 ifx< -1
prox,s(z) = qz ifze[-1,1]
1 ifz>1
(I +~0f)
(I+70f)7"
1+ S
-1
x | i x
11 -
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3. We will solve this graphically. Left plot shows I + 70f and the right
shows (I +~df)~! = prox, .

x ifx < -1
prox.  (z) = q —1 ifee[-1,7—1]
x—y fx>y-—1

(I +~9f)
(I +~0f)7"

+v—1 -1 7-1

4. We will solve this graphically. Left plot shows I + ~v9f and the right
shows (I +~9f)~' = prox. ;.

x+y ifx<l—vn
prox, s(z) = ¢ 1 ifze[l—n,1]
T ifz>1

(I +~0f)

SorLuTioN 3.12

1. Let u = 2z — z. That z = prox(z) is equivalent to that

0Oedf(x)+x—2 & z—xe€df(x)
& zedff(z—ux)
& z—uedf(u)
& 0€df (u)+u—=z
& u=Pprox.(z).

Since u = z — x the result follows.
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2. We have

(7/7)(s) = sup(s"w — 7f(2)) = ysup((v"'s)" & — f(2) =7/ (v"s).

3. We have s = prox, ) (2) if and only if
s = Arg;nin(('yf)*(y) +35lly —=213)
= Argmin(yf"(y™'y) + 3lly — =[1)
= 7 Argmin(yf*(v) + zllv = z[3)
=y Argmin(y/*(v) + % [lo = 47 2]3)
= 7 Argmin(y ™ f*(0) + §lv = (7'2) )
= prox, 1. (772)

4. Combine first and third subproblems.

SoruTioN 3.13
Compute the prox;., i.e., the prox of the conjugate, for the following f.

1. f(z) = 327 Hx + hTz with H positive definite
2. f(z) = max(0,1+ z)
3. f(x) = max(0,1 — z)
Moreau decomposition says prox;.(z) = z — prox(z).
1. The prox of f satisfies prox;(z) = (I +vH) '(z — vh) which implies that

prox;.(z) =z — (I + yH) (2 — ~h)

2. The prox of f satisfies

z if z< -1
prox;(z) = { —1 ifze[-1,v—1]
z—v ifz>y—1

which implies that

0 ifz< -1
pProx;.(z) =z —proxs(z) = ¢ z+1 ifze[-1,y—1]
~ ifz>~-1
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3. The prox of f satisfies

z4+y ifz<l—x
prox, ;= (1 ifze[l—n,1]
z ifz>1

which implies that

—y ifz<1—x
proxX.(z) =z —prox,(z) = ¢z —1 ifz e[l —~,1]
0 ifz>1

SoLuTion 3.14

1. The functions are closed convex and constraint qualification holds so the
primal problem is equivalent to

yeofle)  w€df(y)

0€df(x)+0g9(x) <« .
—y € 0g(x) z € 09" (—y)
since 0f = (0g*)~! for (closed) convex functions.

2. Eliminating the x gives:

z€df(y)

cedgay) O 0€df*(y) — 99" (-y)

3. In general no. Inspired by = € 9f*(y) you could use the subgradient
selector to generate a candidate solution Z = sy« (y*). But

z € 0f (y")
z € 09" (=y")
need not hold for all x € 9f*(y*) so

& =sp(y") €0f(y") # & € 99" (—y).

If f* is differentiable 0f*(y) is a singleton (unique) for all y. This means
that for every y*, =* is unique such that

a* =V [i(y")
z* € g™ (—y").

In this case, the subgradient selector is the gradient and
T = sp(y*) = Vf*(y*) = «* will recover the solution.

69



SoruTion 3.15
Fermat’s rule gives

0c LTof(Lx) + dg(z)
{ y € 0f(Lx)

y € 9g(z)
{Lx € af*(y)
=

x € 0g* (—LTy)
& 0€ f*(y) — Lag"(—L"y)
= 0€d(f*+g"o—-L)(y)

which is Fermat’s rule (optimality conditions) for the dual problem

miniymize(f*(y) + g*(=L'y))

SoLuTioN 3.16
The general dual problem is
minimize f*(u) + g* (=L ).

1. We have f*(u) = 5 ||1[|3 (Exercise 3.1-1) and g*(v) = >_i; max(0,1 — v;)
(Exercise 3.1-6 and 3.2 and using ¢** = g). Therefore the dual problem is

n
minimize 55 || ul|5 + Zmax((), 14+ (LT p)).
i=1

Since the functions are convex and the primal and dual constraint
qualifications hold, we can recover a primal solution from the primal-dual
optimality condition Lz = 0f*(u) = 1 = @ = L~ 1, which holds with
equality since f* is differentiable, i.e., 0f*(u) is a singleton.

2. We have f*(p) = ||ull1 (Exercise 3.3) and g*(v) = 55 ||v + b[[3
(Exercise 3.1-2). Therefore the dual problem is

minimize |[u]s + | — Lu -+ b[3.

Since the functions are convex and the primal and dual constraint
qualifications hold, we can recover a primal solution from the primal-dual
optimality condition = = 8¢*(—L” j1) = +(—L” 1 + b), which holds with
equality since ¢* is differentiable, i.e., dg*(—L” 11) is a singleton.

SovuTioN 3.17
1. We have
f*(s) =sup(s"z — f(2)) > s"x — f().
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2. We have
f*(s0) = Sgp(sgw = f(z)) < Sl;p(SOTl“ — (f(x0) + 8§ (z — x0)))
T
= spxo — f(x0).

Equality holds in view of the first subproblem.

3. We have
F*(s0) < sgxo — f(x0)
& sup {s5y — f(y)} < 5020 — f(x0)
y
& sgy — f(y) < sgxo — f(=zp) for all y
& fly) > f(xo) +sgy—x0 for all y
& s0 € 0f(x0)

And we have actually shown the full equivalence.

SoruTion 3.18
1. Since f** < f, we have
0= f(s) + f(@) = s"w > f(s) + () - sTa
Fenchel Young’s inequality says that other direction holds:
0< f*(s) + f**(a) — sTa.

This implies equality 0 = f*(s) + (f*)*(z) — s’ = holds, which is equivalent
toz € 9f*(s).

2. Apply previous result with f as f*.

3. Use above results and that f** = f for convex (and closed) f.

Sorution 3.19
Introduce h(y) = f(y + ¢). Then g(x) = h(Lz) and

g (s) = sgp(sTx — h(Lx)) = —i?f(h(Lx) + ls(x)),

where [;(z) = —s”z. The conjugates satisfy
h* (1) = Stylp(uTy —fly+ ) =sup(u’ (v =) = f(v))
= sup(u’ (v) = f(v) = ple = f7(u) — u'e

I2(v) = sup(vTx + sTz) = sup((v + s)7z) = tioy (v +s)

T
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Now Fenchel strong duality (constraint qualification is satisfied since
dom [, = R"™) gives
g"(s) = — inf(h(Lz) — s"2) = min(h* () + 1 (~L" )
x I
=min(f*(u) —plc:s=Lp).
w
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Solutions to Chapter 4

SoruTioN 4.1

¢ All are convex. f, and f3 are norms which are convex. f4 is convex since
|| - || is convex and positive and (-)? is increasing for positive inputs. f; is
convex since || Az — b||3 is a composition of affine and convex which is
convex.

e - fris ||ATA|| = Amax(AT A) smooth. For smoothness is equivalent to
the gradient being Lipschitz continuous.

1AT (Az —b) — AT(Ay — 0)|
= [|AT Az — AT Ay|| = | AT Az — y)I| < |ATA]l|l= — vl

— Both f; and f; are not smooth. g = Z| - |3 — f is not convex for any L,
ie. g0z + (1—0)y) # 0g(z) + (1 — 0)g(y). Take for example z = 7,
y=>Fand = 3.

- fais smooth. g = £[|- |3 — f = £ - |3 which is convex for L > 1.

* - f1is Amin(AT A)-strongly convex. f(z)— &|z[3 =
Az —b)T(Az — b) — 82w = J2T(ATA — pl)x — b7 Az + b7, which is
convex as long as AT A — uI is positive semi-definite, i.e.
)\min(ATA) — M > 0.

- Both f, and f3 are not strongly convex. g = f — || - ||3 is not convex
for any u, i.e. g(0x + (1 —60)y) # 0g(x) + (1 — 0)g(y). Take for example

3 -3

~ fuis strongly convex. g = f — &|| - ||3 = 12| - ||3 which is convex for

w<1.

SoruTIOoN 4.2
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What differs between the two problems is how the error for each data point,

e; = x;0 — y; is penalized. Looking at the plot we see that the 1-norm put less
penalty on large errors, e¢; > 1 compared to the square 2-norm. For this reason
should problem 1 be affected less by the large outliers, meaning it should be
paired to figure a.

(From this figure we can also see why the square 2-norm does not promote spar-
sity in the error in same way the 1-norm does. The square flattens out near 0
which means that as the error becomes small there are diminishing returns for
reducing the error further. The 1-norm does not have this problem and a re-
duction of the error will always yield the same cost reduction, regardless of the
initial error. For this reason it is more likely that errors are driven to 0.)

SoruTIiOoN 4.3
The model becomes

N
Mmap(x) = G + Z a, cos(2mnx) + by, sin(2mn)
n=1

— 20
2

a

a2
+ [cos(27x), cos(2m2x), ..., cos(2m N x)]

an
b1

ba
+ [sin(27z), sin(272x), ..., sin(27 Nz)] | .

bn
ap
ap

= [3,cos(272), ..., cos(2r Nz), sin(27z), ..., sin(2rNz)] |an
by

by
= ¢(a)"w
where w = (ag, a1, ...,an, b1, ...,by) and the feature map is

¢(z) = (3, co8(2mz), ..., cos(2rNz), sin(27z), ..., sin(2r Nz))

SoruTiON 4.4

e Alternative 1:
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Optimality conditions are

g(1)
0cAT(Az—b)+ 1| : |,
g(xm)
where
-1 ifaci <0
g(xi) =< [-1,1] ifz; =0
1 ifl’i >0

For x = 0, the optimality condition reads
0 —ATh 4+ A[-1,1]™
which holds for all A > max;(|(A7b);]) = || ATD|| .

¢ Alternative 2:
Let f(z) = 3||Az — b||3 + A||z|1. Using Cauchy-Schwarz, we get the
following lower bound.

f(x) > §[ Az = bl5 + | ATbllco ]2
> LAz — b||5 + T Ax
= 1Az |l3 + 510l3
> 36]l3-

Furthermore f(0) = 3|/b|3 so the lower bound is attained at = = 0,
therefore x = 0 is optimal.

SorLuTiON 4.5
We first note that because of our class label choice we can write p; and p_; in
one expression as

1

P = T e

and the likelihood then becomes

N N 1
lo(z,y) = Hi:lpyi (i) = Hi:l 11 e viwTzith)’

Maximizing l,,(z, y) is the same as maximizing log(l,,(z,y)) since the logarithm
is monotonically increasing. Furthermore, maximizing log(l,,(x,y)) is the same
as minimizing — log(l,,(z,v)), yielding

—log(lw(z,y)) = —log <HN 1 )

i=1 1 4 e~ ¥i(wTz;+b)

= log (Hil 1+ e*yi(wT”er))

=37 log(1 e vt
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This function is convex, —y;(w” z; 4 b) is affine, 1 + () is convex, and log(:) is
increasing.
log(1 + €”) is 3-smooth,

d? 1 1
 log1 (-1 )<!
dx? og(l+e") = 1+e” 1+ew)—4

therefore the problem is 1||4||>-smooth, see Exercise 2.9.

We also see that d zlog(l+¢€”) — 0 as x — oo and z — —oo. Therefore it does
not exist any pos1t1ve lower bound and log(1 + ¢”) and the logistic regression
problem are not strongly convex.

SoruTION 4.6

Using the notation from Exercise 4.5 we have the following cost

N
S Tog(1 e wwaitt))
37 log(1+ e T ) 4 3 log(1 4 e mH)

Viy;=—1 Viy;=1
b
wai+b 1 +ev it
Z log(l te Z 1 szZer )
Viy;=—1 Viry;=1
Z log(1+ewai+b)+ Z log(l—i-ewaier) _ Z 10g(€wai+b)
Viy;=—1 Viry; =1 Viry;=1
- Z log(1+ev ®F) — 3 log(e® =)
Viiy;=1
= Z log(1 +e® “’ﬁb Z wlz; 4 b.
Vi:'yizl

From here we can go over to the new labels, y; =1 — ; = 1 and
¥y =—-1—19;,=0.

_ N ’LUTCEi—i-b T
=)  log(l+e )= > wlmi+b

N
_ Z log + ewai-i-b) o Zi:1 @z(mez + b)

_Z log(1 + e”" %0y — gi(wTz; + b).

SoruTIOoN 4.7

We first note that all terms in the sum are positive for all finite (w,b). Let

u; = vw + b, and each term reduces to log(1 + e%) — y;(u;). For y; =0,

log(1 + e%) > 0 since 1 + e% > 1. For y; = 1, log(1 + e%) — u; = log(1X£*) > 0
since L& > 1.
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Now, take an ¢ with y; = 0. Let (w, b) = t(w, b), then

log(1 + ¢ ) — yi(aTw + b) = log(1 + /D)) = log(1 + efe® )
<log(l+e') —0
as t — —oo, where % ®tb € (0,1) (since 27w + b < 0) has been used in the
inequality.

Instead, take ¢ with y; = 1. Then

log(1 + % “ %) — y; (27w + b) = log

as t — oo, where e~ ®+0) ¢ (0, 1) (since 27w + b > 0) has been used in the
inequality.

Hence, the infimum is 0 which is not attained by any (w, b) since the cost is
positive for all (finite) (w, b).

SoruTioN 4.8

1. True. See the model m,,(z) as a function of w instead of z,

my(z) = fo(w) = ¢(x)Tw. f.(w)is clearly linear in w since ¢(z) does not
depend on w and therefore is constant. Since y; also does not depend on w
is L(muy (i), vi) = L(fz;(w),y;) a composition between convex and linear,
which is convex. The full cost is then a sum of convex functions which is
convex.

. False. Consider a two layer network with identity activation functions
and R — R layers, m,,(z) = wywex. Take the square error loss and the
data z = 1 and y = 0, then L(m.,(7;),y;) = ||wiwz||3 = (wiw2)? which is not
convex. The points (0,1) and (1,0) both have function value 0 but the
point (0.5,0.5) on the line between them have a positive function value.

SoruTioN 4.9

Positive semi-definiteness is

a’'Ka>0, Va.
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Inserting K and using linearity gives

CLTKCL = Zn: zn: aiKijaj

i=1 j=1

= Z Zaik(xi,a:j)aj
i=1 j=1

=Y aild(w), d(x5)) a
i=1 j=1

= Zaz<¢($i)>zaj¢(xj)>]:
i=1 j=1

= (Y aid(i), Yy ajo(x;)F
i=1 j=1

= <(I)7 (I)>]:

=[l®F >0

where ® = 3" | a;d(x;)

SoruTtioN 4.10

1. Since [ is a sum of hinge-losses, the conjugate f* is

N
)= pi+ ver0(p) = 17 1+ 11,0/ (p),

=1

see Exercises 3.1-6 and 3.2. The conjugate g* is

9 (Vaor ) = sug((uw,ubf(w,b) — 3|lw|3)
= sup(vpw — 3wlf3) + sup(vb)
= sl + tioy (),

(Exercise 3.1-1). We note that

* * X
5 (=L ="~ | 7] 1) = K1l = Xl + 240y (-170

The dual problem becomes
min 170+ o_q,0)(11) + 55| = Xpll3 + oy (=17 ).
or written differently
minimize 17p+ 5u"XTXp

subjectto —1<u<0
17 =0
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2. The optimal w is recovered from the following primal-dual optimality
condition

L(w,b) € Of* (1)
(w,b) € dg*(—L" p).
The second condition yields
(w,b) € (FEXp, {Rif — 17 =0}),

ie. w= %X u. However, since dg* is not a singleton in the last element,
we need something else to recover the optimal 5.

The first condition then gives
(X7 1](w,b) = XTw 4+ b1 € 0f* (1)
and we note that
1 if —1<pu;<0

(Of (1)i = [1,00]  if p; =0
[—OO, 1] if/f‘i =-1

If —1 < p; < 0 we see that we can determine b uniquely, i.e. take b such
that

tTw+b=1 = b=1-z2]w

where i is such that —1 < p; < 0.

SoruTtion 4.11

max(0,1 — z)

log(1+e¢77)

¢ Start by simply inserting the model
S e @) =3 ey (@)
= Y Ua@)+ Y cax:))

Vi:yizl V1y1:2

= > lma(a) —ma(zi) + Y Uma(xi) —ma ()
Vi:yizl VZyZ=2

= D lwiz—wiz)+ Y Uwjz; —wiz)
Viy;=1 Viy; =2

= > @l (wr—wa))+ Y U] (wa —w))
Viy;=1 Viy; =2
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From here we see that the loss only depends on the difference
w = w; — wy. We can also relabel our classesasy=1— g =1and
y=2— g = —1, this gives

= Z I(zTw) + Z I(—xlw)

Vi:gi=1 Vigi=—1 (5.3)

¢ Starting from (5.3) but inserting h(x) instead of [(x) gives
= Zil max(0, 1 — gzl w).

¢ Starting from (5.3) but inserting ¢(x) = 1 — = instead of [(x) gives

n
= Z 1 —gizlw
i=1

T
n
=n — <Zi:l yi:ci> w

This is a linear function and therefore unbounded below unless
Yoy gix; = 0. Minimizing this loss would simply yield —oco and no w that
attain it.

SoruTioN 4.12

1. Using the notation from the assignment we see that
K

A _.T 1 T
cy (i) = 2wy, — oy Ti Wk
T Ty w
L ;f)yi—l L i 1
=...0,1,0..] ﬂ;j wy, | — 71, 1] :
i Wy;+1 vl wg
T T w
T xliqruyi_l 14T 1
=e, | Tiwy, | — %1
L Wy;+1 TP WK
A T
_ T _ 14T
= Gy Kl
T T
i x; WK €; WK
_ T xT 14T xT,, — ATxT
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Inserting this into the loss problem
. n
min Zi:l max(0,1— ¢ (2;)) + 3 |w|3
gives the desired problem formulation.
2. Inserting the confidence for one data point in the hinge-loss yields
h(czjxl(xz)) = max(0,1 — cé\j[(xz))
= max(0, 1 — (z] wy, — maxz] wy))
k#y;
T T )

=max(0,1 — z; wy, + maxz; wy
k#yi

= max(0, max1 — :c;frwyi + 2] wy)

k#yi
0 ifk =y
= max pe T .
k|1 - wy, +o; w, otherwise
T T
1 i Wy, Lj Wy;—1
=max |0| — [z]wy, | + | 2Tw,,
T T
1 Ty Wy, T Wy; 41
T
1 T ;in_l .
=maxdy, — [1|[... 0 1 0 ..] z] wy, + X w
1 Ti Wy;+1

= maxd,, — legT,iXiTw + XTw
= maxd,, — (le, — I)X]w

K3
— T T
= maxd,, — M; X; w.

Sum over all data points (i) and adding the regularization gives the
desired problem.

SovLuTioN 4.13
1. Exercise 3.1-6 implies that

fi (i) = pi + e—1,0) (i)
Further

N n
fr(p) = Z fi (i) = ZM + u1,0) (1) = 1 0+ 1_1,0) ().
i1

=1

We also have g*(v) = o-[|v[|3. Hence

g (=X Au) = %MTATXTXAM.
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Hence, the dual problem is

minimize p’1+ %MTATXTXAM
subject to € [—1,0]

2. Since g¢* is differentiable, we can recover a primal solution from the
primal-dual optimality condition

w=0g"(—XAu) = _TIXAM.

SoLuTionN 4.14

1. Exercise 3.6 implies that max;(u;)* = ta, (i) where

K
Ag={reR":z;>0and ) =z =1}

Therefore
£ () = SBP(M@TUZ' — max(dy, — u;))
= [v; = dy, — u)
= sup(u; (dy, —v;) — max(v;))
— sgp((—,ui)Tvi —max(v;)) + pl dy,
= 1Ay (— i) + 1] dy,.
Further

P =300 F ) =0 (=) + il dy

where 1 = (i1, ..., pin) € RE™,

We also have ¢*(v) = 5-||v||3. Hence

g (—=XMp) = %MTMTXTXMM.
Hence, the dual problem is
minimize p’d + %MTMTXTXM;L
subject to —u; € Ak
where d = (dy,,dy,, ..., dy,) € RE"

2. Since ¢* is differentiable, we can recover a primal solution from the
primal-dual optimality condition

w=0g"(—XMp) = %XMM.
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Solutions to Chapter 5

SoLuTion 5.1
That z* is a fixed point means tha t

¥ =a* — AV f(z)
= 0= - AV/f(z")
— 0=Vf(")

Convexity then gives that 2* minimizes f.

SoLuTioN 5.2
That z = prox, ;(r) means

> = argmin(f(y) + 2 ly - «/3).
Yy

By Fermat’s rule, the argmin z satisfies
0€df(z) +v 1z —a).

If x = 2 = prox, ;(z), then this reduces to 0 € df(x), and x minimizes f.

SoruTioN 5.3
x = prox. (z — vV f(z)) written out is

z = argmin g(z) + s llz = (@ =7V (@)

which due to convexity is equivalent to

0 € dg(x) + 3 (z — (x — 7V f(2)))
=dg(x) + V().

Fermat’s rule and convexity then gives that = is a minimum of f + g.

SoruTIOoN 5.4

1. Any unbounded function, for instance f(x) = z. f(z*) can go to minus
infinity.
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2. First, since f(z) > B there exists a largest lower bound on f(z%), i.e.
inf f(2*) = b > B (This comes from completeness of the real numbers).

Second, f(x*) — b means that for all ¢ there exist some N € N such that
|f(z¥) —b| < e for all k > N. The inequality can equivalently be written as

b—e< fz¥)<b+e

The left inequality hold by definition of b = inf f(2*). Furthermore, there
exists an N such that f(z") < b+ ¢, otherwise b + ¢ is a larger lower
bound than b which is a contradiction. Since f(z*) < f(2V) for k < N the
right inequality, f(z*) < b+ ¢, hold for all k > N and f(z*) — b have been
established.

3. The most basic example would be any constant sequence z* = = where z

is not the minimum. A slightly more interesting example would be
f(z,y) = 2% + y? and the sequence 2" = sin(k) + + and y* = cos(k) for
which f(z*,y*) = 1 + % is decreasing but does not converge to the
optimum f(0,0) = 0. There are plenty more examples. Function value
decrease is a very weak (useless) condition for a minimization algorithm.

SoruTioN 5.5

1. Using L-smoothness gives

F@M) = faF — 4V f(aF)

< f@®) + V") (@ =V fa*) = 2%) + §lla" =7V f(a") - 2|
= f(@®) = IV @) + 521V F ()]
= f@") = (1 = Vb))

2. Re-arranging the above inequality gives

V(L= ENIVFE@M)? < f(2*) = f=*1).

Summing this inequality from k£ = 0 to & = n gives

Z::O (1= ENIVFEh? < Zk Of(xk) £l
= f(x )—f(ackﬂ)
< f@a”)-B

This inequality hold for all n» and the RHS is bounded which gives
Y1=57 ) IVFER)? <o

Since 0 < v < 2 is v(1 — %) positive and then must ||V f(z*)? be
summable and

IVF ()] =0
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3. Strong convexity means that
fla) > f(a*) + §llz — 2"

f@*) = f@) + V() (@ — ) + §llz — 2™,

Adding these two together yields
V@) (@ —a*) > pllz — 2|2
Using Cauchy-Schwarz on the LHS yields
IVf@)lle =yl > ple - 2> = V(@) = plla—2*.

Therefore, if |V f(z*)|| — 0 then ||z — 2*|| — 0.

4. The function f(x,y) = ‘%2 for y > 0 is convex,

Vi(ey) = 5 {_y } [y — ] >0,

T

and has the minimum £(0,y) = 0. The sequence (z*, y*) = (k + £, k?)
satisfy Vf(2*,y*) — 0,

L 20t 2(k+7)
_ Yy _ 2 _
Vi) = [‘(“"’k)Ql = | ke | T [

(yF)2 — 53
and f(z"*1, yF*) < f(ab,y),
1
L2 (BHl4g)?
fla ity = 2 = —wrr— = (L4 gre)?

1
k+1)2
< (14 &2 = T = pah ).

However, from f(z*,y*) = (14 %)? we see that f(z*,y*) — 1.

SoLuTION 5.6

1. Let 2" = prox () = argmin,(f(z) + %Hx — z||3). Therefore, for all z, it
holds that

F@t) + &t —al3 < f(2) + 2 — 2.
Set in particular z = z to get
F@®) + g lles ==l < f(=).
2. We have
g et = aF (3 < fa®) = fat).

Summing this inequality gives for all n € N:
3= Yl = 2R3 < f(2°) = fl@mh) < f(2°) - B.
k=0

Letting n — oo means that 5= 32 [|z"*! — 2*|3 < oo and

k+1

|2F 1 — 2F|| — 0 as k — oo.
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3. From convexity of f and Fermat’s rule we have that
at = prox, ;(r) = argmin, (f(2) + %Hm — z||3) is equivalent to
0€af(x™)+ %(ﬁ — 1) %(m —zT) e af(z™).

This means that I ("' —2*) = s" is a subgradient, s* € 9f(«*). Then
0 < distyy(e) (0) < [|s* — 0] = 32" —2*[| =0

4. Strong convexity means that
fly) = flz)+s"(y —2) + §lly —|?

for all 2,y and all s € 9f(x). In particular we can take 2* with
%(:L’k_l — %) = s* € 9f(2%) and 2* with 0 € 9f (2*).

f@*) > fa*) + §lla* —a*|?
flar) > f@®) + (M) (@ = ab) + §lla* — 2%
Adding these two together and using Cauchy-Schwarz yields
15" =) = 18" = plla® — 2|
k

which implies z* — x*.

SoruTiON 5.7
The proximal gradient update is

o™ = argmin g(2) + 5 |z — (z — 7V f(2)) |

Due to convexity is this equivalent to
0€dg(a®) +Vf(x) + 2" —12) <= —(Vf(x)+ %(afr — 1)) € dg(a™).
From the definition of subdifferential we have
g(z) 2 g(a™) = (Vf(2) + 3 (" —2))T (z — a™)
= g(a") < g(x) = (Vf(z) + 3 (2" —2))" (=" —2)
= g(z) = Vf(2)" (a* —2) = I|lz" —z|?
L-smoothness of f yields
F@*) < f@) + V@) (@ = 2) + 5l — 2.
Adding them together yields
fl@®) +g(2™) < fl2) + g(x) = (5 = §)lla™ — 2>

Here we see that we get descent for v < %

SoruTioN 5.8
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1. The function is smooth so gradient and coordinate-gradient descent
works. No need to use prox.

2. First two parts are smooth, third is not smooth but separable and easy to
prox on, (coordinate) proximal gradient works but (coordiante)
gradient-descent doesn’t. Last part is separable so coordinate proximal
gradient is efficient.

3. Both functions are smooth, second is separable and easy to prox on.
(Coordinate) Gradient descent and (Coordinate) proximal gradient all
work.

4. First function is smooth, second is easy to prox on but not separable nor
smooth. Proximal gradient all is the only alternative.

5. Neither of the functions are differentiable, so none of the methods work.

6. The first term is differentible, but not smooth (it grows too quick for large
z), and the second is proximable but not differentiable. So none of the
method works.

7. First term is smooth, second is proximable and seperable. (Coordinate)
proximal gradient works.

8. The second term is neither smooth nor simple to prox on, nether of the
methods would be efficient.

9. From Excercise 4.5 we know that the first part is smooth, and the second
part is trivially smooth, separable and easy to prox on. (Coordinate)
Gradient descent and (coordinate) proximal gradient therefore works.
However, the coordinate-wise algorithms will not be efficient, as shown in
Excercise 5.10.

SoruTION 5.9

1. | Az — b|3 is not strongly convex unless A” A is invertible. Since A € R™*"
with m < n, AT A has at most rank m and is therefore not invertible, and
the primal is not stronly convex. The dual will therefore not be smooth, so
there is no step length v that can be selected that guarantees
convergence. Thus neither of the methods work.

2. 327Qx + bz is strongly convex so its dual is smooth. The dual of the last
part is separable and easy to prox on but not smooth. (Coordinate)
proximal gradient works.

3. First function is not strongly convex so dual of this part is not smooth and
not proximable. However, if we let f(z) = 1|z — b||3 and g(z) = ||z|3, the
the problem is min, f(Ax) + g(x) and the dual can be written
min,, f*(p) + g*(Azx). f*(p) is separable, smooth and proximable and
g*(Az) is smooth. Hence, any of the methods work.
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4. First function is not strongly convex so dual is not smooth and it is not
easy to prox on. Doing the same trick as for the previous problem doesn’t
work since ||Ax||2 is not smooth. Hence none of the methods works well.

5. Neither is strongly convex so neither of the duals are smooth. None of the
methods works.

6. Neither is strongly convex (ell”lI ~ ||z4| + 1 for small z) so neither of the
duals are smooth. None of the methods works.

7. First term is strongly convex so dual is smooth, second is proximable and
separable so the same is true for the dual. (Coordinate) proximal
gradient works.

8. With f(z) = ¢/_11)(z), g(z) = 327 Qz, the primal problem can written as
min, f(Lx) + g(x) so the dual is min,, f*(u) + ¢*(—Lp), where
g (p) = %xTQ_lx, i.e g*(—Lp) = %xTLTQ_le which is smooth. f* is
seperable and proximable so (conjugate) proximal gradient works.

9. Neither of the functions are strongly convex so the neither of the duals
will be smooth. Hence, none of the algorithms work.

SoruTioN 5.10

¢ All methods were applicable. The gradients of the primal functions are
Qz + b and z. With g(z) = ||z||3 we have (prox.,(z)); = zi/(1+7).

- One iteration of gradient descent therefore requires vector
operations (O(n)) as well as one matrix multiplications (O(n?)).
Gradient descent therefore has complexity O(n?) per iteration.

— The gradient can be computed for each coordinate using only
multiplication of one row in @ with x (O(n)). Per iteration
complexity of coordinate gradient descent is therefore O(n).

- The prox on g is separable, and the complexity for each coordinate is
O(1), so the complexity of the full prox is O(n). The complexity of
proximal gradient is therefore O(n?) and for coordinate proximal
gradient it is O(n).

* The following solution assumes a straight-forward implementation of the
algorithms. It is possible to do some tricks to reduce the complexity of the
coordiante-wise implementations, see Excercise 5.11. The gradient of the

first term f(z) = log(1 + e_“’Tx) isVf(x)= —wlefw T

_;’_e—sz

and for the second

term g(z) = £ >, max(0, z;)* we get (Vg(z)); = max(0, z;), with the prox
(prox, ,(z)); = max(0, z;/(1 +7)).
— Both gradient descent and proximal gradient will therefore have

vector operations as the most costly operations, and the complexity
is O(n).
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— The coordinates of the gradient to [ is given by
T

(Vf(2)); = —w;—¢———. The main cost here is the scalar product

il—i—e—w z
w”'z which is O(n). The coordinate-wise versions of the algorithms

will therefore have a per iteration complexity of O(n), which is the
same as the full (proximal) gradient method. Iteration over all
coordinates will therefore have a cost of O(n?) which means that the
coordinate-wise methods are not competitive compared to the full
algorithms.

SoruTion 5.11
At each iteration the algorithms update only one coordinate, i.e z**1 = 2% + §;,

where §;, is zero for all indices except j,. Assume that c*~! := wTz*1 is

already computed at iteration k. We can then calculate
= whak = wl (@ 405, ) =wha® w6, = 4wy 05, using
only scalar operations. The gradient of the term f(z) = log(1 + e*le") at some
index ¢ can therefore be computed as

k k

—wT —
e~w' T e~ ¢

(VI = =i = -

il + e—whak i 1+ec

using only scalar operations. Since g(z) = Y, gi(z;) = max(0, z;)? is separable,
so is the prox, i.e
(prox. (z)); = prox., (2;)
hence
w = (prox, (z" — 4V f(2")))i = prox,, ((«* =7V f(2")));) =
prox., (zf —4(Vf(z*));) = max(0, («f — (V. f(2*)):)/(1+7)).
T,0

This means that if we start by computing w* z°, we are then able to do each of
the following coordinate-wise updates using only scalar operations.

SoLuTioN 5.12
1. We have
M = 2P =V f(ah) = 2" —1Qa" —yg = (I - 1Q)a* — 1.
If 2* is a solution, then 0 = V f(x*) i.e.
at =1t =V f(@®) = 2" —yQx" —yq = (I —1Q)z" —q

SO

A — 2 = (I = 1Q)2" — (I —4Q)a* = (I —1Q)(«" — z¥)
we therefore get [|o"*! — 2*|| = [|(I = yQ)(«* — 2*)|| < T — 7Qlll|l=" — 2*|
Let A(M) be the set of eigenvalues for a matrix M. Then
0 < AMQ) < Mmax(Q), and since L = \pax(Q) we get
v € (0,2/L) = (0,2/Amax(Q)), which means that A\(vQ) € (0,2), and lastly
AMI —~Q) € (—1,1). Hence, 0 < [ —1Q|| <1
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2. With v =1/L we get A(7Q) € (0,1) and A\(I — Q) € (0,1). The eigenvalue
of I — v@Q with the largest absolute value therefore corresponds to the
smallest eigenvalue of vQ), i.e. Amin(Q)/L, where L = A\pax(Q). The
convergence rate therefore becomes 7 = 1 — Apin(Q)/Amax(Q), where
Amin (@) /Amax (@) is known as the condition number.

3. The eigenvalues are 1 and e. L = 1, so the eigenvalues of I — v(Q are 0 and
1 — e with the rate set by r = 1 — e. When ¢ = 0 then z* = 0. If we let
2% =[1 0]7 then z* = [(1 — ¢)¥ 0]7 and the rate is achieved.

4. LetV = [1/(}% 0} , we then get VIQV = [O tl 0'?1] which has

eigenvalues 0.99 and 1.01. The convergence will therefore be very fast.
With v =1/L =1/1.01 we get r ~ 0.02.

5. The prox if often computed on some function ¢g(z) that is separable. With
a change of variables to z = V'y, we need to prox on the function g(Vy)
which is no longer separable, and computing the prox on this term
generally becomes computationally expensive.

SoruTionN 5.13
We have

2% —a*|| = |T2*"" — 2*|| = |Ta*" — Ta*|| < Lfja*~" — 2.
Iterating this inequality back to & = 0 yields
lz* —a*|| < L2 — 27|

Since 0 < L < 1 the RHS goes to zero as k& — oo, meaning ||z* — 2*|| — 0 as
k — oo.

SoruTIioN 5.14
e We have

fz) = %(A:r 0T (Az — b) = %xTATAx T A+ %bTb

SO
1 1
fiz(a) = 5(33 + ae)) TAT Az 4 ae;) — b Az + ae;) + ibTb (5.4)
= %a2€ZTATA6i —ab" Aze; + . .. (5.5)

where the rest does not depend on o. We therefore get
Vfiw(a) = ael AT Ae; — b Axe;

and
Vin,x(Oé) = 6ZTATA€Z‘ = (ATA)M

where L; = (AT A); ; is the i:th diagonal element of AT A.
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* The Lipschitz constant of f is || AT A and

T ”ATA?CHZ ||ATA@i||2 T
= > = || AT Ae;
AT All2 SUP o 2 T | eill2

(S ATA)2)E s (AT A, = (AT A
H ( i)

SoruTioN 5.15
The proximal update of the i:th coordinate is equivalent to

xf = argmin g;(z) + %Hz — (w; — ’)’Vz‘f@?))HQ

Due to convexity is this equivalent to
0 € dgi(z;) + Vif(z) + %(l’j —x;) <= —(Vif(z)+ %(x;r — ;) € dgi(z™).
From the definition of a subgradient we get
9i(x) < gilws) = Vif (@) (@] — @) + Jllai — ).

Since " and x only differ in the i:th coordinate we have that gj(:nj) = gj(zj)
for all j # i. This yields

G(a*) < G(x) = Vif(2)" (2 —2i) + 3 llaf — il >
where G(z) =Y.', gi(z;). Furthermore, |z;" — 2;||> = |z — z||? and
Vif(x)T (x] — x;) = Vf(z)T (2 — z) which yields

G(z") < Gz) = V(@) (" —2) + ot — .
Using L-smoothness of f yields

f@t) < f@)+ V@) (@F —a) + glat -2l
Adding these together yields

f@®) +G(a") < f(2) + Gla) = (5 = F)lat —al”.

1
v

which proves descent if v < %

SoruTiON 5.16
The exact same reasoning as Exercise 5.15 yields

G(™) < G(2) = V(@) @ —2) + 5 [la* — 2
The smoothness condition
F@®) < f@) + V(@) (@7 —2) +
= f(2) + Vf(2)" (a" —2) + 2|z — )
= f(z) + Vf(@2)" (2" —2) +
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where M;; is the i:th diagonal element of M and the equalities hold since z™
and z only differ in one coordinate. Adding the two inequalties together yields

f@™) +G™) < fl2) + Glz) - (5; — 25 ll=™ — 2.

%

and 7; < 37— yields descent.

SoruTioN 5.17

For implementations, see appendix. The function values are show in

Figure 5.1.

We see that coordinate descent and gradient descent converge at approximately
the same speed for the same amount of computations. However, by selecting a
step length for each coordinate according to the individual smoothness constants
as y; = 1/(AT A), ;, we get considerably faster convergence.

GD
CD
CD Diagonal

10

10° [~

[|AX- b||"2- p*

10 10

10 15 |

0 100 200 300

Figure 5.1: Function value for each iteration over full data with Gradient De-
scent, Coordinate Descent and Coordinate Descent with Diagonal scaling.

SoLuTioN 5.18
1. L-smoothness gives
FEMY) = @b =V fia"))
< f(@") + VE@ENT (@8 =V fi(a®) = a*) + §lla* =V fi(a") —oF)?
< f(@") = AVE@E) TV fi(a®) + §22 |V fie®) )12
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Taking expectation conditioned on z*

yield
E[f(@*)[a*] < f(a*) = VF @) B[V fi(e") 2" + §2°E[|V fi(a®)]?|2"]
= f(z") =AVF (") VF(@*) + §3°E[|[V fi(a®)[?|2"]
= f(z") = VE@@")|? + §2°E[|V fi(=")|*]2"].
Using the hint gives
E[[|V fi(2")|*[2*] = [E[V fi(a®)|2"]|* + E[|V fi(z") = VF(*)|?|2"]
<IVF@E")|? + 0.

over both sides and using linearity

Inserting this into the first inequality gives the desired result.
. Rearranging the first result

A= LyMVE M) - (+%)2L8 < E[F(a*) — F(a*+)]2").

Taking total expectation yields
V(1 = SARE[[VF M) - (%) 28 <E[F(a*) - P,

Summing from k£ = 0 to k = n yields

S (= SMENIVEEN ) — (4P < E[F() - Pt
<EF(z") - B
since F'(x) > B. Letting n — oo gives
> U= EPENVEEHI) - (7 5 < co. (5.6)
Inserting v* gives

S HEVEEH)? - 0% < oo

i.e. E|[VF(2*)||? — 0% must be summable and therefore must
E|VF(2%)||? — 02 — 0. As a result we can not ensure that the gradient
converge to 0 for a fixed step-size stochastic gradient descent. We only
converge to a noise ball of size o.

. Inserting ~* into (5.6) yield
[e.e] 0_2
> ok SRENVFED?] - 55 < o

The k12 Lg term will be summable there fore must the
(1 — 5k—2)E||VF( ¥)||? terms be summable to. For some finite C the
following then hold

T

C>Z% FERIEIVEE)I > minE|VEE)P] Y (- 5 )
k=K

for all T > K where K is such that % - %k% > 0 for all £ > K. This give

0 <minE||VF(zF)|? <
h<T
since ; not is summable.
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4. Inserting v* into (5.6) yield
[ee] 0.2
Zkzo(%z — STEIIVFEM? - &t < oo
Once again is k%%‘z summable, forcing (75 — %k%)IE[HVF(xk)HQ] to be
summable to. But (;; — 57 is here also summable, making it possible for
E[|VF(z*)||> — ¢? > 0 without destroying summability. Clearly, having to
fast decaying step-size could also hinder the convergence of the gradient.

SoruTtioN 5.19

For implementations, see appendix. The function values are show in
Figure 5.2.

* We see that a larger step size will result in a quicker initial decrease of
the function value. However, the error doesn’t converge towards 0, and
with a larger step-size the iterates will stay further away from the
optimal point.

* The error keeps decreasing with this approach and we seem to get the
benefit of both a large step size when we are far away, and a smaller step
size when we are close to the solution. However, the convergence rate is
still very slow compared to gradient descent.

* The error quickly converges (to something greater than 0) and the
variance goes to 0. This is because the sequence 1/k? is summable, i.e.
>, [|l#FF1 — 2F|| < ¢ is bounded by some constant ¢, so the step lengths are
not long enough to allow the iterates to go to the optimal point.
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Figure 5.2: Stochastic gradient for different step lengths from Excercise 5.2,
where g = A\pax.
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Julia Code
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Implementation of Excercise 5.17

function grad descent(A, b, x0, y, kmax, xsol)
X = copy(x0)
res = zeros(kmax)
err = zeros(kmax)
AtA = A'A
Atb = A'b
for 1 = 1:kmax
X =X .- Y.*(AtA*x .- Atb)
res[i] = norm(A*x-b)"2
end
return x, res
end

coord descent(A, b, x0, y::Number, kmax, xsol) =
coord descent efficient(A, b, x0, fill(y, size(A,2)), kmax, xsol)

stochastic gradient(A, b, x0, ys::AbstractArray, kmax, xsol)
ys[i] should be y a for index i

function coord descent(A, b, x0, ys::AbstractArray, kmax, xsol)
n = size(A,2)

X = copy(x0)
res = zeros(kmax)

err = zeros(kmax)

# Store A*AT to avoid recomputing
AAt = A'A

Atb = A'b

for i = 1:(kmax*n)
# Random index
j = rand(1l:n)
Vj = view(AAt,:,j)'x - Atb[jl]
x[31 = x[31 - ys[j1*Vj
if i%n == 0 # Every n iterations, compute error

res[i+n] = norm(A*x-b)"2

end

end

return x, res

end
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Implementation of Excercise 5.19

stochastic gradient(A, b, x0, y::Number, kmax, xsol) =
stochastic _gradient(A, b, x0, fill(y, kmax*size(A,1)), kmax, xsol)

stochastic gradient(A, b, x0, ys::AbstractArray, kmax, xsol)
ys[i] should be y at batch i

function stochastic gradient(A, b, x0, ys::AbstractArray, kmax, xsol)
n = size(A,1)

X = copy(x0)

# Only store every n iterations

res = zeros(kmax)

err = zeros(kmax)

# Store AT since extracting rows is cheaper than columns
At = copy(A')

for i = 1:(kmax*n)
j rand(1l:n) # Random index
Atj = view(At,:,j) # For efficency, use views instead of direct index
X .= X .- ys[(i-1)+n+1].*Atj.*(Atj'*x - b[j])
if i%n == 0 # Every n iterations, compute error
res[i+n] = norm(A*x-b)"2

end
end
return x, res
end
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