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Summary

Requirements:
m Stability
m Reference tracking
m Disturbance rejection
m Noise attenuation
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Summary

L 0T

Requirements: The Gang of Four:

m Stability . S— 1

1+PC
m Reference tracking . T— _PC
m Disturbance rejection 1+Pg
. - m CS= 17pc
m Noise attenuation ps N
Lu N D | = Robustness to process variations - ENAY
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Nyquist plot
m open-loop L = PC
m stability criteria
B margins
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Two tools
Bode plot

m closed-loop
m performances of the Gang of Four
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Performance specifications

Driving example: Cruise control

Driving example: Cruise control

Design trade-offs

mv = —bv — mgsin(0) + u
sin(f) ~ 6
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Loopshaping
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Performance specifications

Driving example: Cruise control

m Follow a reference signal: the servo problem

Driving example: Cruise control

Design trade-offs f— M f— i
| ®Acton T = gy = 15
Loopshaping
al
In time-domain, we want: 1
L S4r
= Rise time < 5s &

m Overshoot < 10% 2
m Steady-state error < 2%

o ‘ ‘ ‘
0 50 100 150
Time (s)
LU N D Figure: Step response of the system to u = 500N.
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Performance specifications

Driving example: Cruise control

m Follow a reference signal: the servo problem

Driving example: Cruise control _ V(S) _ PC
m Acton T = R(s) = TiPC .
Expression in the frequency-domain
Loopshaping
sl
% 6
=]
g —k, =10
C(s) =k s 4 — &, — 1001
( ) P - kZ:SOO
K 2
T(s) = 2
ms + b+ kp
% 50 100 150

Time (s)

g Figure: Step responses of the closed-loop for different
LUND K-
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Performance specifications
Design trade-offs
. e . C
m Effect on noise sensitivity: T,,, = — T7PC
Driving example: Ci
Design trade-offs
Expression in the frequency-domain
Loopshaping
stem design considerations
ivity minimization 1
integral formula 500 —k, =10
Gain crossover frequency ine —k;, = 100
Internal stability 1000 ky = 5001
=——T1018€
E
s
=i
g
g
g
=]
© 500 1
T -1000 1
LU N D 0 50 100 150
Time (s)
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Performance specifications

Design trade-offs

m Effect on noise sensitivity: Tp_,, = — -5

~T+FC

m Effect on the command: T,_,, = 1+ch — Limitations of the actuators!
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Performance specifications
Design trade-offs

m Effect on noise sensitivity: Ty = — 555

m Effect on the command: T,_,, = 1+ch — Limitations of the actuators!

Design trade-offs

Expression in the frequency-domain

m Effect on disturbance rejection T,_,, = 1+ch

-0.002
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“»-0.006
~

-0.008 -

—k, = 10
—k, = 100
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-0.01¢
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-0.012

-0.014

-0.016
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Performance specifications
Design trade-offs

m Effect on noise sensitivity: Ty = — 555

Drvingexample Crise onto m Effect on the command: T,_,, = 1+ch — Limitations of the actuators!

Design rade-ofs

e me Effect on disturbance rejection T, = 1+ch
m Effect on robustness

0 a
—k, =10
—k, =100
1 k, = 500
3-2
3
2
]
-4
5
Ll l N D 2 0 2 4 6 8 10
Re(L(yw))
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m Stability and robustness: gain margi
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Performance specifications

Expression in the frequency-domain

Driving example: Cruise control
Design trade-offs
Expression in the frequency-domain

m Stability and robustness: gain margin g, phase margin ¢, and stability
margin s, (maximum sensitivity Mg = ;—m)
m Performances
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Performance specifications

Expression in the frequency-domain

m Stability and robustness: gain margin g, phase margin ¢, and stability

margin s, (maximum sensitivity Ms = ;—m)
eoesmnersensonsn| M PEFfOrMances
e m Time-domain: overshoot, rise time, settling time, steady state-error

2 T T T T

1.5+ B
- / ‘ Overshoot My,
5
=%
R = e e e e = =
=
o /

0 51’ le— Rise time Ty Steady-state value ysg |

Settling time T

0 1 1 1 1 1
LUN 0 5 10 15 20 25 30
UNIVERSITY Time [s]
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Performance specifications

Expression in the frequency-domain

m Stability and robustness: gain margin gn,, phase margin ¢, and stability
margin s, (maximum sensitivity Mg = ;—m)

Expression in the frequency-domain

Loopshaping

m Performances
m Time-domain: overshoot, rise time, settling time, steady state-error
m Frequency-domain: peak value(s), peak frequency, gain crossover frequency

and bandwidth.
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Performance specifications

Expression in the frequency-domain

m Stability and robustness: gain margin g, phase margin ¢, and stability
margin s, (maximum sensitivity Ms = S1—m)

m Performances
m Time-domain: overshoot, rise time, settling time, steady state-error

m Frequency-domain: peak value(s), peak frequency, gain crossover frequency
and bandwidth.

Expression in the frequency-domain

Loopshaping

Property Value
P(s) = - k Steady-state value  k
52+ i—gs +1 Rise time T, — eb/tand
’ Overshoot M, = o—E\/1-€
: ¢ = arccos¢ Settling time 2% s ~ 5
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Performance specifications

Expression in the frequency-domain

m Stability and robustness: gain margin g, phase margin ¢, and stability
margin s, (maximum sensitivity Ms = )

cmsnnmiseanan| M PEFfOrMances

= Time-domain: overshoot, rise time, settling time, steady state-error

m Frequency-domain: peak value(s), peak frequency, gain crossover frequency
and bandwidth.
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UNIVERSITY (a) Eigenvalues (b) Frequency responses
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Design trade-offs
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Performance specifications

Expression in the frequency-domain

5 . K
Driving example: Cruise control ﬂ S+1

Dcsmmmd?o‘vs v C( ) — kp + _> T( ) =

Expression in the frequency-domain 52 + b+kp S+1

Loopshaping

m Overshoot < 10%

design considerations

sitivity minimization
Bode's integral formula
Gain crossover frequency inequality

Internal stability
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Performance specifications

Expression in the frequency-domain

5 . K
Driving example: Cruise control ﬂ S+1

Dcsmmmd?o‘vs v C( ) — kp + _> T( ) =

Expression in the frequency-domain 52 + b+kp S+1

Loopshaping

m Overshoot < 10%
System design considerations
sitivity minimization EEN 6 — 0'6

Bode's integral formula

Gain crossover frequency inequality

Internal stability
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Design trade-offs
Expression in the frequency-domain

Loopshaping

n design considerations
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Expression in the frequency-domain

O) = ky + % = T(s) = -ty

7T
m Overshoot < 10%

— £=10.6

m Rise time < 5s
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Driving example: Cruise control

Design trade-offs
Expression in the frequency-domain

Loopshaping

n design considerations

vity minimization

Bode's integral formula

Gain crossover frequency inequality

Internal stability
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m Overshoot < 10%
. £=06

m Rise time < 5s
— wo = 0.7
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Driving example: Cruise control

Design trade-offs
Expression in the frequency-domain

Loopshaping

esign considerations

S

Bode's integral formula

ty minimization

ssover frequency inequality
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Expression in the frequency-domain

C(s) = kp + 1% — T(s) = — e

Bt b+kp S+1

m Overshoot < 10%

— £=0.6
m Rise time < 5s
— wo = 0.7

m Steady-state error < 2%
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Performance specifications

Expression in the frequency-domain

Driving example: Cruise control ‘0 5
i !

Dr*smr"mdf,o'!g v C( )_ kp + _) T( )

Expression in the frequency-domain

Loopshaping

o bk 4
P2+ —LsH1
ki ki

m Overshoot < 10%

— £€=0.6

m Rise time < 5s

— wo = 0.7

m Steady-state error < 2%

— ensured through the integral action
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Performance specifications

Expression in the frequency-domain

S:;\!g;.x:u:ruv.u_hm ol C( ) k + T( ) 773+1

sin vadeofs v _ _)
Expression in the frequency-domain 1% 2 btkp
Loopshaping ki s+ ki s+1

m Overshoot < 10%

— £=0.6
m Rise time < 5s
— wo = 0.7

m Steady-state error < 2%
— ensured through the integral action
Finally: k, = 3600 and k; = 1450
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Performance specifications

Expression in the frequency-domain

kp
k—l_s—H

C()—kp+ — T(s) =

Driving example: Cruise control

BTk
me2y 2 p Ss+1
ki ki
Design trade-offs

Expression in the frequency-domain

Loopshaping

W=
s | @ Overshoot < 10%
— £=0.6 — ’
| m Rise time < 5s E °
- wo =07 54
m Steady-state error < 2% 2
— ensured through the integral action . ‘ ‘ ‘ ‘
Finally: k, = 3600 and k; = 1450 N
LU N D Figure: Reference tracking
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Driving example: Cruise control

Design trade-offs
Expression in the frequency-domain

Loopshaping

s esign considerations
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Expression in the frequency-domain

kp
k—l_s—H

C()—kp+ — T(s) =

m Overshoot < 10%

— £=0.6

m Rise time < 5s

— wp = 0.7

m Steady-state error < 2%

— ensured through the integral action
Finally: k, = 3600 and k; = 1450

Pauline Kergus - Karl Johan Astrém
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BTk
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Time (s)

Figure: Disturbance rejection
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Performance specifications
Loopshaping

Driving example: Cruise control
Design trade-offs
Expression in the frequency-domain

Loopshaping

m Design technique in the frequency-domain
m Focus on the open-loop transfer function L = PC — C = L/P of high order
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Driving example: Cruise control

Design trade-off

Expression in the frequency-domain

Loopshaping

design considerations

ty minimization

egral formula

frequency inequality
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Performance specifications
Loopshaping

m Design technique in the frequency-domain
m Focus on the open-loop transfer function L = PC — C = L/P of high order

C Load disturbance 7 73\ mRobustness
attenuation B %

_ i g Load disturbance
/5 — &_/ attenuation
=L Robustness i L
g = mRobusmess
- 3

L ] S

L High frequency = High frequency -

measurement noise 2 measurement noise
L |
log w ~ log w ~—/

(a) Gain plot of loop transfer function (b) Gain plot of sensitivity functions
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System design considerations
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Driving example: Cruise control

Design trade-offs
Expression in the frequency-domain

Loopshaping

System design considerations
Sensitivity minimization

Bode's integral formula

Gain crossover frequency inequality

Internal stability
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Fundamental limitations

System design considerations

m impact of system design on feedback possibilties
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Fundamental limitations

System design considerations

Driving example: Cruise ¢

ontrol

Design trade-o

Expre

Loopshaping m impact of system design on feedback possibilties

n in the frequency-domain

m unstable system — needs a fast controller (bandwidth of sensors and
B actuators)

| formula

1 frequency inequality
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Fundamental limitations

System design considerations

m impact of system design on feedback possibilties

m unstable system — needs a fast controller (bandwidth of sensors and
actuators)

m systems with time-delays — impossible to take fast control actions
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Driving example: Cruise contro

Loopshaping

System design considerations

Jency inequality
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Fundamental limitations

System design considerations

m impact of system design on feedback possibilties

m unstable system — needs a fast controller (bandwidth of sensors and

actuators)

m systems with time-delays — impossible to take fast control actions

— limitations often expressed by conditions on the poles and zeros of the

system
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Fundamental limitations

System design considerations

m impact of system design on feedback possibilties

m unstable system — needs a fast controller (bandwidth of sensors and
actuators)

m systems with time-delays — impossible to take fast control actions

— limitations often expressed by conditions on the poles and zeros of the
system

m Can you rework on system design while doing control?
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Design trade-offs
Expression in the frequency-domain

Loopshaping

System design considerations
Sensitivity minimization
Bode's integral formula
Gain crossover frequency inequality

Internal stability
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Fundamental limitations

Sensitivity minimization

1

S=17pc

m S is the transfer between r and the error ¢
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Fundamental limitations

Sensitivity minimization

Driving example: Cruise control
Design trade 1

Expression in the frequency-domain S -
Loopshaping 1 + PC

m S is the transfer between r and the error ¢

Sensitivity minimization

Bode's integral formula

m Limited overshoot: M; = max,, |S()w)|,, <~
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Fundamental limitations

Sensitivity minimization

Driving example: Cruise control
Design trade-of 1

Expression in the frequency-domain S -
Loopshaping 1 + PC

m S is the transfer between r and the error ¢
= Limited overshoot: M; = max,, |S(jw)|,, <~
— M is also a measure of robustness
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Fundamental limitations

Sensitivity minimization

1

S=17pc

m Sis the transfer between r and the error ¢

= Limited overshoot: M; = max,, |S(jw)|,, <~
— M is also a measure of robustness

— Disturbance attenuation when |S(jyw)|,, < 1
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Fundamental limitations

Sensitivity minimization

1

S=11pPC

m Sis the transfer between r and the error ¢

= Limited overshoot: M; = max,, |S(jw)|,, <~
— M is also a measure of robustness

— Disturbance attenuation when |S(jyw)|,, < 1

m Low static error: min max |S(jyw)|
S we(0,we)
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Driving example: Cruise contro

Jency inequality
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Fundamental limitations

Sensitivity minimization

1

S=17pc

m Sis the transfer between r and the error ¢

= Limited overshoot: M; = max,, |S(jw)|,, <~
— M is also a measure of robustness

— Disturbance attenuation when |S(jyw)|,, < 1

= Low static error: m|n max |S(jw)|
S we(0,we)

m w, is the cutoff frequency
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System design considerations
Sensitivity minimization

Bode's formula
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Fundamental limitations

Sensitivity minimization

1
S=——
1+ PC

m S is the transfer between r and the error ¢

= Limited overshoot: M; = max,, |S(jw)|,, <~
— M is also a measure of robustness
— Disturbance attenuation when |S(jyw)|,, < 1

= Low static error: m|n max |S(jw)|
S we(0,we)

m w, is the cutoff frequency
m lime(t) = limS(s)
t—o0 s—0
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Driving example: Cruise control

n in the frequency-domain

Loopshaping

Bode's integral formula

Gain ¢ frequency inequality
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Fundamental limitations

Bode’s integral formula

The sensitivity function cannot be made small over a wide frequency

m Bode’s integral formula (invariant)
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Fundamental limitations

Bode’s integral formula

The sensitivity function cannot be made small over a wide frequency
range.

m Bode’s integral formula (invariant)
— reducing the sensitivity at one frequency increases it at another
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Fundamental limitations

Bode’s integral formula

The sensitivity function cannot be made small over a wide frequency
range.

m Bode’s integral formula (invariant)
— reducing the sensitivity at one frequency increases it at another
m Right Half-Plane (RHP) poles in the process makes it worse
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Fundamental limitations

Bode’s integral formula

requency-domain

The sensitivity function cannot be made small over a wide frequency

‘ range.

Bdg... - m Bode’s integral formula (invariant)

e, — reducing the sensitivity at one frequency increases it at another
m Right Half-Plane (RHP) poles in the process makes it worse

m Control design is always a compromise
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Fundamental limitations

Bode’s integral formula

Driving example: Cruise control

Design trade-o

Expre

n in the frequency-domain

Loopshaping

For an internally stable closed loop system, if Sﬂm sL(s) =0:
o

|| toatiS() et == 3

where py are the RHP poles of the open-loop L.
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Driving example: Cruise control

Design trade-offs
Expression in the frequency-domain

Loopshaping

System design considerations
Sensitivity minimization

Bode's integral formula

Gain crossover frequency inequality

Internal stability
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Fundamental limitations

Bode’s integral formula

For an internally stable closed loop system, if SILm sL(s) =0:

| roatistzds = =3 b
where py are the RHP poles of the open-loop L.

Serious Design

1 : :
= B
3 E]
7 -1 1 210
= =
2 1 o
-
5 ‘ .
0 1 2 3

Frequency w [rad/s] (linear Scale)>

1.0
Frequency
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Driving example: Cruise contro

Design trade-off

n the frequency-domain

haping

Sensitivity minimizatior
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Fundamental limitations

Bode’s integral formula

For an internally stable closed loop system, if sﬂm sL(s) =0:
o

| toatis()hs = 3

where py are the RHP poles of the open-loop L.

Similarly:
Flog(ITG)) 1
[, HE =g

I

where z; are the RHP zeros of the open-loop L.
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Fundamental limitations

Gain crossover frequency inequality

P(s) = Pmp(8)Pnmp(8)
| Pmp(gw)| = 1

s—2 s+2 (s—2)(s+1

_ _ ) _
Ps) = (s+1)(s—1) (s+1)2(s+2)(s—1) PmpPomp
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Fundamental limitations

Gain crossover frequency inequality

P(s) =

Prp(8) Prmp(s)
|Pmp(Jw)| =1

argL(ywge) = argPnmp(Jwgc) + argPmp(jwge) + argCywge) > —7 + ¢m

¢m is the desired phase margin
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Gain crossover frequency inequality

nternal stability
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Fundamental limitations

Gain crossover frequency inequality

P(s) = Pmp(s)Prmp(s)
|Pmp(]w)| =1

argL(jwgc) = argPpmp(jwgc) + argPmp(jwge) + argCjwge) > —m + ¢m

¢m is the desired phase margin

Assuming that C has no poles or zeros in the RHP:

T
argPmp(Jwgc) + argC(ywgc) = slope x 5
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Fundamental limitations

Gain crossover frequency inequality

P(s) = Pmp(s)Prmp(s)
|Pmp(Jw)| =1

Bode's integral formula

argL(jwge) = argPnmp(jwgc) + argPmp(jwge) + argC(jwge) > —m + ém

©®m is the desired phase margin

argPpmp(jwgc) + slope * g > 7+ om

— there is a trade-off between phase margin and speed

m Fast RHP poles — larger wgc

Lu N D | = Slow RHP zeros — lower wgc
UNIVERSITY
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Fundamental limitations
Internal stability

Driving example: Cruise control

Design trade-offs
Expression in the frequency-domain

Loopshaping

e | m Internal stability = stability of the gang of four

Internal stability

LUND

UNIVERSITY

Pauline Kergus - Karl Johan Astrém Control System Synthesis 09/09/2020 20/22



Fundamental limitations
Internal stability

Driving example: Cruise control

Design trade-offs

Expression in the frequency-domain

Loopshaping

m Internal stability = stability of the gang of four

weanerea | @ S stable and no compensation of instabilities in the open-loop

Internal stability
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UNIVERSITY
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Driving example: Cruise control

Design trade-o
Expression in the frequency-domain

Loopshaping

Gain ¢

frequency inequality

Internal stability

LUND

UNIVERSITY

Fundamental limitations
Internal stability

m Internal stability = stability of the gang of four
m S stable and no compensation of instabilities in the open-loop

{ T(px)=0 { T(z))=1
S(pk)= S(z;)=0
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Fundamental limitations
Internal stability

m Internal stability = stability of the gang of four
m S stable and no compensation of instabilities in the open-loop

{ T(px)=0 { T(z))=1
S(,Dk):1 S(Z,‘):O

Maximum modulus principle: if G is bounded and analytic in the RHP:

max |G(yw)| = anax |G(s)]
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Fundamental limitations

Maximum modulus principle

Driving example: Cruise control

Design trade-offs

Expression in the frequency-domain
T

Loopshaping
o

n design considerations

10°

vity minimization

I 10-1

|9 ()]
[T ()]

Bode's integral formula 107
Gain crossover frequency inequality 107 wse 10 101 ]0’1 100 Wte Wh 10[
Internal stability / /b

w/a w

(a) Requirements for sensitivity  (b) Requirements for complementary sensitivity

Mss

) =57 a r()_s+b
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Driving example: Cruise control

Design trade

Expression in the frequency-domain

Loopshaping

considerations

ty minimization
Bode's integral formula
Gain
Internal stability

LUND

ssover frequency inequality

Fundamental limitations

Maximum modulus principle

~ P E——
3 10°/<|v 3 10° |
— = 1
) [ & 1
107! | 107! |
10" wee 10° 10! 107! 10° wie wb 10!
w/b

w/a

(a) Requirements for sensitivity ~ (b) Requirements for complementary sensitivity

Mss M b
Si(s) = _i a T:(s )— t
For the sensitivity:
(5 186 | 1S(2)| _z+a

1S ()l = 1S(2)]  Msz

09/09/2020 21/22
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Driving example: Cruise control

Design trade

Expression in the frequency-domain

Loopshaping

considerations

ty minimization
Bode's integral formula
ver frequency inequality

Internal stability

LUND

Fundamental limitations

Maximum modulus principle

~ T ==
: ’ /T 3 o |
= = !
2 | = (.
107! | 107! .
107 wee 107 10! 107! 10° wie wb 10!
w/a w/b
(a) Requirements for sensitivity  (b) Requirements for complementary sensitivity
Mss Mtb
Si(s) = Ti(s) =
s+a s+b

For the sensitivity:
1SGw)l _ 1S(2)] _z+a

1> >
S (gw)| T [SH(2)] Msz

M —1
a<z(Ms—1) = we < z ﬁ
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Driving example: Cruise control

Design trade-offs
Expression in the frequency-domain

Loopshaping

design considerations

S

Bode's integral formula

ty minimization

Gain crossover frequency inequality

Internal stability
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Conclusions

m The different specifications are linked through the gang of four — trade-offs
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Driving example: Cruise control

Design trade-o
Expression in the frequency-domain

Loopshaping

Bode’s i formula

Gain ¢

frequency inequality

Internal stability
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Conclusions

m The different specifications are linked through the gang of four — trade-offs

m different criterias in time-domain and frequency-domain
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Driving example: Cruise contro

Jency inequality

LUND

UNIVERSITY

Conclusions

m The different specifications are linked through the gang of four — trade-offs

m different criterias in time-domain and frequency-domain

m limitations due to the RHP poles and zeros and time-delays of the process
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